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Developing Flow Region of
Plunging Jets—Part 1:
Theoretical Development

Alr-water bubbly flows are encountered in many engineering applications. One type
of air-water shear flows is the developing flow region of a plunging jet. The mecha-
nisms of air entrainment by plunging liguid jets are discussed in the light of new
experimental evidence. Then the gir bubble diffusion is analyzed analytically in the
near-flow field of both circular and two-dimensional plunging jets. The theoretical
developments are compared with existing circular plunging jet datq and new experi-
ments performed with a two-dimensional vertical supported jet. The study highlights

two mechanisms of air entrainment at the plunge point depending upon the jet impact
velocity and results suggest that the dispersion of air bubbles within the shear layer
is primarily an advective diffusion process.

Introduction

When a water jet impinges a pool of water at rest, air bubbles
may be entrained and carried away below the pool free surface

(Figs. 1 and 2). This process is called plunging jet entrainment. -

In chemical engineering, phnging jets are used to stir chemi-
cal as well as to increase gas-liquid transfer (e.g., McKeogh
and Ervine, 1981, Bin, 1993). In sewage and water treatment
plants, aeration cascades combine the effects of flow aeration
and high turbulence level, enhancing the mass teansfer of vola-
tile gases {e.g., 0xygen, nitrogen, volatile organic compounds).
Plunging jet devices are used also in industrial processes (e.g.,
bubble flotation of minerals). Planar plunging jets are observed
at weir spiliways and overfalls. Some similarity between the
planar plunging jet and the jet of a plunging breaking wave in
the ocean was noted by several authors {e.g., Coles, 1967, Lon-
guet-Higgins, 1982). A related case is the continnouns impinge-
ment of a solid surface into a liquid pool and the associated air
entrainment (e.g., Burley and Jolly, 1984). Despite the wide
range of applications, few studies investigated air bubble en-
trainment in the developing shear layer of plunging jets.

At a plunging jet, the near-flow field (below the impingement
. point) is characterised a developing shear layer with some mo-
- mentum transfer between the high-velocity jet core and the
receiving pool of water, at rest at infinity (Fig. 1). In presence
of air entrainment, an air bubble diffusion Iayer takes places
(Figs. 1 and 2). The air diffusion layer may not coincide with
the momentum shear layer. Further downstream the jot flow
becomes fully-developed.

In the present paper and its companion (Cummings and Chan-
son, 1997), the authors investigate the air bubble entrainment
in the developing region of plunging jet flows. New experiments
were performed with a vertical supported jet (Fig, 2, Table 1).
The results provide new information on the air entrainment
mechanisms, the advective diffusion of air bubbles, the momen-
tum exchange process, and the distributions of chord lengths of
entrained bubbles. The mechanisms of air entrainment and air
bubble diffusion are discussed in this paper. The experimental
apparatus, velocity distributions and the chord length data are
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described in the companion paper. It is the purpose of these
two papers to assess critically the overall state of this field, to
present new analysis and experimental results, to compare these
with existing data, and to present new compelling conclusions
regarding momentum and air concentration development of jet-
entrained gas-liquid flows. These conclusions will bring to-
gether the behavior of both axisymmetric and planar jets im-
pinging on free suzrfaces.

Background

Several researchers (see bibliographic review by Bin, 1993)
showed interest in circular plunging jets. Numerous experiments
were performed with small circular jets (typically 5, < 5 mm).
Most researchers investigated qualitatively the air entrainment
process. :

Several studies showed that air entrainment takes place when
the jet impact velocity exceeds a characteristic velocity. And
the jet length and jet turbulence level both affect the quantitative
value of that characteristic velocity (see mext section). The
mechanisms of air entrainment depends upon the jet velocity
at impact, the physical properties of fluid, the jet nozzle design,
the length of free-falling jet and the jet turbulence (Bin, 1993).

Some studies, in particular the thesis of Van de Sande
(1974), McKeogh (1978), Van de Donk (1981), and Evans
(1990), countributed significantly to our present understanding
of the entrairiment/entrapment process of air at the impingement
point. Unlikely only a small number of studies investigated the
flow field below the impingement point: e.g., McKeogh -and
Ervine (1981), Van de Donk (1981) and Bonetto and Lahey
(1993). McKeogh and Ervine (1981) and Van de Donk (1981)
recorded air concentration profiles and velocity distributions
primarily in the fully-developed flow region, while Bonetto and
Lahey (1993) presented results obtairied in both the developing
and fully-developed flow regions. :

Two-dimensional plunging jet flows received much less at-
tention. Some studies (Goldring et al., 1980, Sene, 1988} were
performed with supported jets to investigate the flow patterns
but no information is available on the distributions of air content
and velocity below the impingement point.

Bin (1993) highlighted the lack of information on the veloc-
ity profiles and air content distributions in the vicinity of the
impingement point and in the near-flow field.
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Fig. 1 Sketch of air entrainment at a vertical supported jet, a circular
plunging jet and a free-falling two-dimensional plunging jet

Mechanisms of Air Bubble Entrainment

In a plunging jet situation, air bubbles start to be entrained
when the jet impact velocity V, exceeds a critical value. Dimen-
sional analysis suggests that this critical velocity is a function
of the fluid properties, the turbulence characteristics (velocity

Fig. 2 Photograph of air bubble entrainment at a vertical supported jet
(side view}. The support in on the left. The air bubbie diffusion layer is
clearly seen with the white downward diffusion cone. On the right note
the rising air bubbles. V, = 6.14 m/s.

and length scales) and the angle of the jet with the free-surface.
For the vertical supported jet experiment, the authors observed
air bubble entrainment for V; > 1.1 to 2.0 m/s when the jet
turbulence intensity at impact Tu varies from 1.3 down to 0.3
percent. With vertical circular plunging jets, McKeogh (1978)

- and Ervine et al. {1980) observed air entrainment for V; > 0.8

m/s when the turbulence intensity at the jet nozzle was larger
than 3 percent, and they noticed larger inception velocities at
lower turbulence levels at nozzle.

When air bubbles are entrained, visual and photographic ob-
servations obtained during the present series of experiments
indicate two major air entrainment process. For low velocities
(i.e., V1 < 2 m/s), air bubble enfrainment was observed to be
caused by the pool of water being unable to follow the undula-
tions of the jet surface and small air pockets are formed. Air
enters the flow following the passage of these disturbances
through the interface between the jet and the receiving fiuid
(Fig. 3(a)). High-speed videocamera images indicaies that
most bubbles are entrained as individual bubbles and air pock-
ets, which are subsequentily broken up into smaller size bubbles.

For large jet Linpact velocities (i.e., ¥} > 3 to 8 m/s), experi-
ments on both circular (Van de Sande and Smith 1973) and

Nomenclature
C = air concentration defined as the - gax = air discharge per unit width (m®/ x; = distance (m) between the channel
volume of air per unit volume of s) intake and the impact flow condi-
air and water; it is also called void g, = water discharge per unit width tions .
" fraction {m?/s) Y = characteristic flow depth or flow’
D, = wurbulent diffusivity (m®/s) r = radial distance (m) from the jet thickness (m} normal to the flow
= dimensionless turbulent diffusiv- centerliné direction

ity: D* = DJ(VY); D* = D/
(Vi d;) for two-dimensional shear
flow and D¥ = D./(V,ry) for circu-
lar jet
d = flow depth or jet thickness (m)
measured perpendicular to the flow
direction ]
d, = jet thickness {m) at the impact with
the receiving pool of liquid
g = gravity constant: g = 9.80 m/s? in
Brisbane, Austratia
I, = modified Bessel function of the
first kind of order zero
Q. = air discharge (m®/s)
0, = water discharge (m’/s)
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r’ = radial coordinate (m)

r; = jet radivus (in) at impact

Tu = turbulence intensity defined as:
Tu=u'/V

'Fu, = turbulence intensity measured at
jet nozzle
i = dimensionless variable .

i' = root mean square of longitudinal
component of turbulent velocity
(m/s)

V¥ = velocity (n/s)

V, = mean flow velocity (1/s) at jet im-
pact

W = channel width (m)

x = distance along the flow dlrectlon
(m)

y = distance {m) measured normal to
the flow direction

& = boundary layer thickness (m) de-
fined in term of 99% of the maxi-
mum velocity

&, = thickness (m) of the air sheei set
into motion by a high-velocity
plunging jet (Fig. 3)

6, 8’ = radiat angular coordinate
% = diameter (m)

Subscript

air = air flow
w = water flow
1 = impact flow conditions
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Table 1 Experimental flow conditions of vertical plunging jets

w V; n®
Ref. Run m/s m/s m Comsents
(1 @ 3 @ (5) ®
McKeogh and Ervine (1981) Circular jet.
313 Fig. 6. &J; ~ 0.009 m. Tu, = 5%.
39 Fig. 8 and 9. &5, = 0.009 m. Ty, = 1%.
2.5 Fig. 9. (5, = 0.009 m. Ty = 1%.
33 Fig. 9. ¢, = 0.009 m. Tu, = 1%.
Van de Donk (1981) Circular jet.
VDD1 4463 020 Fig. 3.22. ), = 0.,0057 m.
vbD2 10.19 0.20 Fig. 3.23. ¢J, = 0.0059 m.
Bonetto and Lahey (1993) Circular jet.
. Bit 6.18 0.03 Fig. 11. (&, = 0.0051 m.
B13 8.91 0.03 Fig. 13. g, = 0.0051 m.
B16 527 0.01 Fig. 6. (JJ; = 0.0051 m.
Chanson (19952) ) Two-dimensional supported jet. W = 0.269 m.
Fl1 -0.024 236 0.090 d; = 00102 m. Tu = 1.70%.
F2 0.048 4.06 0.080 d, = 00118 m. Tu = 1.50%.
F3 0.072 5.89 0.090 dy = 00122 m. Tu = 0.74%.
F4 0.096 8.0 0.090 d; = 0.012 m.
. E5 0.108 9.0 0.090 d; = 0.012 m.
Present study : Two-dimensional supported jet. W = 0.269 m.
2-mfs 0.0240 239 0.0875 d; = 0010 m. Tu = 1.6%.
6-m/fs 0.0720 6.14 0.0875 d; = 0.0117 m. Tu = 0.75%.
Notes: :

(a): Longitudinal distance between the nozzle and the free-surface pool.
Tu: Jet turbulence intensity at impact.
Tuy: Furbulent intensity measured at jet nozzle.

planar (authors’ experiments) plunging jets indicate a qualita-
tive change in the air entrainment process. A thin sheet of air,
set into motion by shear forces at the surface of the jet, enters
- the flow at the impact point (Fig. 3(b)). The air sheet behaves
as a ventilated cavity (e.g., Michel, 1984): the length of the air
layer fiuctuates considerably and air pockets are entrained by
discontinuous “‘gusts” at the lower end of the air layer (Fig.
3). The elongated air sheet is intermittently broken by a “‘re-
entrant jet”’ mechanism. Visual observations and conductivity
probe measurements show clearly that some air is entrained in
‘the form of elongated pockets. For jet velocities between 3 and
6 mv/s, the authors observed air sheet thickness §,, of about 0.5

Air butble
diffusion layer

|

Sequence of large air pocket entrainment
Fig. 3 Sketch of air entrainment at a vertical supported jet {a) Low-

velocity air entrainment mechanism; (b) high-velocity air entrainment
process
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to 5 mm. The jet velocity at which the air layer appears is an
inverse function of jet turbuience: i.e., for ‘smootl’ jets, the air
sheet will appear at larger velocities thar for ‘rough’ jets.

The observations of air sheet thickness can be compared with
the analysis of Lezzi and Prosperetti (1991) and Bonetto et al. -
(1994) (Table 2). The former suggested that the instability
responsible for air entrainment is caused by gas viscosity while
the latter study assumed that gas entrainment is induced by a
Helmboliz-Taylor instability. The analysis of Bonetto et al.
(1994 ) seems to fit better the authors’ observations (Table 2).
But additional data are required to confirm this point.

Analysis of the Air Bubble Diffusion Process

The air bubble diffusion at a plunging liquid jet is a form of
advective diffusion. For a small control volume, the continuity
equation for air in the air-water flow is:

div (CV) = div (D, grad C) (1)

where D, is the turbulent diffnsivity. Equation (1) implies a .
constant air density (i.e. neglecting compressibility effects), it -
neglects buoyancy effects and is valid for a steady flow situa-

toa.

Congsidering a circular plunging jet, assuming an uniform
velocity distribution, for a2 constant diffusivity (in the radial
direction) independent of the longitudinal location and for a
small control volume delimpited by streamlines (i.e., stream
tube), Eq. (1) becomes a simple diffusion equation:

viac_10 ( ac
ar

D, x T ror

where x is the longitudinal direction, 7 is the radial direction,
and the diffusivity term D, averages the effects of the turbulent
diffusion and of the longitudinal velocity gradient. The bound-
ary conditions of the axisymmetric problem are: C(x < x;, 7)
= 0-and a circular source of total strength @, at {x — x, = 0,
r=rn}.

The problem can be solved analytically by applying a super-
position method. At each position {x, r, 8"}, the diffusion

(2)
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Table 2 Thickness of air sheet set into motion in high-velocity two-dimensional plunging jet

8
Reference V) = 24 mfs V, =3 mfs V. = 6 mfs V. =9 mfs Comuments
1y @) i 3 @ %) )

Experimental data ’
Present data N/A 0.5 to 5 mm Two-dimensional jet.
Analysis (*} . '
Lezzi and Prosperetti (1991} 0.065 mum. © 0.06 mm 0.04 mun 0.03 mm
Bonetto et al. (1954) 0.63 mm N/A N/A 6.6 mm Calculations deduced from the

measured air entrainment flux.

Note:
(*) Calculations applied to two-dimensional plunging jet.

equation is solved for each point source of strength §g,; located
at {0, r, 41}. The contribution of each point source is:

_ 3G 60 1 exp(-" Vi rrZ) (3)
4rD(x — x1) 4D.(x — x;)

where r'* = (reos 8’ — r, cos 810 + (rsin @' — ry sin 81),
and {r, @'} and { r, 81} are the pelar coordinates of the current
point and of the point source respectively. The general solution
of the air bubble diffusion equation is solved by superposing
all the point sources:

2
c= [ scasy 4)
o
and using the definition of the air flow rate:
Qur = 27118 (5)

The solution of the air bubble di_ffusion becomes:

z .
(—r) +1
1 21

cofu_ 1
- - #
QW4D#3__:_X1 4D X —Xx
8 6]
I
1 . o
Xk D" % ilxl Circular plunging jet (6)

where I; is the modified Bessel function of the first kind of
order zero! and D* = D./(Vir,).

Considering a two-dimensional free-falling jet, the air bub-
bles are supplied by point sources located at {x = x,, y = +d,/
2} and {x = x;, y = —di/2} in the two-dimensional plane.
Assuming an uniform velocity distribution, for a diffusion coef-
ficient independent of the transverse location and for small con:
trol volume {dx, dy} limited between two streamlines, the con-
tinnity equation (Eq. (1)) becomes a simple diffusion equation:

vioc_ o'

D, ax oy M

where y is the distance normal to the jet centerline or jet support
(Fig. 1). The boundary conditions of the two-dimensional free-
jet flow are: C'(x << xy, ¥} = 0 and two point sources of equal
strength {0.50.,/W } located at {x,, +d,/2} and {x,, —d\/2}.

Vh(u) = 1+ (u¥2%) + (uf12224%) + (uB127%42%6%) +
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The problem can be solved by superposing the contribution
of each point source. The solution of the diffusion equation is:

1 Oy 1

2
y
= +
@)

X — X
dy

4D*

two-dimensional free-falling plunging jet - (8a)

where Q,; 1s the volume air flow rate and d, is the thickness of
the frec-jet at impact. D* is a dimensionless diffusivity: D* =
D (Vidy).

Considering a two-dimensional supported jet, the air bubbles
are supplied by a point source located at {x = x;, ¥ = +d, } in
the two-dimensional plane and the strength of the source is O/
W. The diffusion equation can be solved by applying the method
of images and assuming an infinitesimally long suppert. It

vields:
G-
i 1 \d
c=%u___ 1 |expl- B
Qw 411‘D“x X 4D X— X
"= 4,
| (dl+1)
1
+ St e — —
xp 4D* x—x
d

two-dimensional supported plunging jet  (85)
where Qy; is the volume air flow rate, D¥ is a dimensionless
diffusivity: D* = D,/(V,d;). Note that d, is the thickness of the
supported jet at impact. '

Remarks. Equations (6), (8a), and ( 85) are new analytical
solutions of the advective diffusion of air bubbles (Eg. (1)).
The two-dimensional and axisymmetrical solutions differ how-
ever because of the boundary conditions and of the integration”
method.

Note first that Eqs. (6), (8a), and (85) are three-dimensional
solutions of the diffusion equation. They are valid in both the
developing bubbly region and in the fully-aerated flow region.
For circular plunging jet and two-dimensional free jets, the core
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of the jet (ie, r = 0, y = 0) becomes aerated, respectively,
for:

Dz(x - X)

2
Virs

> 0.03%

fully-aerated jet flow region [C(r = 0) => 0.01] (9a)

exp/— 11
p( 4D% x — x
0. &

Qw J4’JTD* X — X
d

1

> 0.0

fully-aerated jet flow region [C (y =0)>001] (90

Note also that the solutions of two-dimensional plunging jet
flows (Eq. (8a) and (8b)) derive from a classical solution of
the two-dimensional advective diffusion eguation (e.g,, Crank;
1956, Fischer et al., 1979). In the developing air bubble diffu-
sion layers (i.e., C (y = 0) = 0), Eqgs. (8a) and (8b) can be
approximated, respectively, by:

G-1)
) ' d
cole 1 1 la” )
2 W 47|-D# X —-x 4D X — X
d[ dl
free jet (10a)
G-1)
O 1 1 \d
¢ Q_ x xexP " 4D* X —x
w # |
4D 4

1
supported jet (10b)

Note further that the analytical developmenis imply a con-
stant diffusion coefficient D,, where D, averages the effects of
turbulent dispersion and streamwise velocity gradient. Such an
assumption does not reflect the real nature of the turbulent shear
layer not the existence of vortical structures (e.g., Fig. 4(a),
Chanson, 1995b). Nevertheless, the agreement between experi-
ments and theery is within the accuracy of the instrumentation,
suggesting that the air bubble diffusion process is little affected
by the turbulent shear flow. . )

Additional details of the calculations were presented in Chan-
son (1995a).

0.00 % 7 -~ ol

BONETTO and LAHEY (1933)
rl=2.55 mm

0.05

0.10 4 ¢ Dama(Vl=613mk)

X Data(vl =8.95 mvfs)

015 1 T EQE

"0.20

025 -

Fig. 4 Air bubble diffusion in the developing shear region of circular jet.
Compatison between Eq. (6) and experimental data {Bonetto and Lahey,
1993},

Journal of Fluiis Engineering
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4 Daia [rxE=50mm)

Dt fect= e

O Data [xx1~100mm]

Vi=6iims

c
Fig. 5 Distributions of air concentration in the developing flow region

of vertical supported plunging jets. Comparison between Eq. {85) and
experimental data (present study: impact velocity V, = 6.14 m/s).

Results and Discussion

Comparison With Experimental Data. Fquations (6) and

(8b) have been compared successfully with experimental data
(Van de Denk, 1981; Bonetto and Lahey, 1993; Chanson 1995a,
Present study). Details of the experimental flow conditions are
listed in Table 1. Figures 4 and 5 show some examples.

Figure 4 compares Eq. (6) with the recent data of Bonetto
and Lahey (1993 while Chanson’s (1995a) data are compared
with Eq. (8b). Both Figs. 4 and 5 show a good agreement
between experimental data and analytical solutions of the advec-
tive diffusion equation. :

Note that Eq. (8a) cannot be verified in the- fully-acrated
flow region (ie., C (y = 0) > 0) because of the absence of
experimental data.

Discussion. Downstream of the entrainment point, the dis-
tributions of air content exhibit a distinctive shape (Figs. 4 and
5) which can be modelled by an advective diffusion equation.
The analytical integration of Eq. (1) provides three-dimensional
solutions (Egs. (6), (8a), (85)) which are valid in both the
developing bubbly region and in the fully-aerated flow region.

Three parameters characterise.the advective diffusion solu-
tions (Egs. (6) and (8)): the air flow rate (3,,/0,,, the dimen-
sionless diffusivity D* and eventually the location of the sym-
metry line of the air content profile: For the experiments of Van
de Donk (1981}, Chanson (1995a) and the authors, the data
and analytical solutions were best fitted with the air flow rate
and the diffusivity being constants independent of the longitudi-
nal position (x — x, ). For the authors’ experiments, the air flow
rate was calculated from the continmity equation for air as g,
= f: CVdy where C and V are local values (Cummings and

Chanson 1997). Such results and the close agreement between
data and analytical solutions suggest that the diffusion of air
bubbles below the impingement point is primarily an advective
diffusion process. o

Note that the data of Bonetto and Lahey (1993) could not
be checked in details becanse of the insufficient number of data.

The authors wish to emphasize that Eqs. (6) and (8) are not
valid very-close to the entrainment poini. At the impingement
point, the air entrainment/entrapment process cannot be simply
madelled by an advective diffosion mechanism. For the authors’
experiments, Eq. (8) and experimental data were in good agree-
ment for (x — x;) = 20 mm. :

Conclusion

The authors have investigated the mechanisms of air entrain-
ment at plunging liquid jets. They performed new measurements
in a large vertical supported jet expetiment (0.3 < V, <9 m/
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5). The flow field below the impingement point was investi-
gated with conductivity probes and high-speed pictures.

1 Air bubble entrainment is observed when the jet impact

velocity becomes larger than a critical value of about 1.1 to 2.0 .

/s for the two-dimensional vertical jet experiment.

2 At the plunge point, two mechanisms of air entrainment
can be cbserved: individual bubble entrainment at low-jet veloc-
ity (i.e. V; < 2 m/s), and a ventilated-cavity mechanism at
high-velocities (i.e., V; > 3 to 8 m/s).

3 Below the impingement point, the air concentration pro-
files follow closely new analytical solutions of the diffusion
equation for both circular plunging jets (Eg. (6)) and two-
dimensional plunging jets (Eq. (8)). The close agreement be-
tween data and theory suggests that the dispersion of air bubbles
within the shear layer is primarily an advective diffusion pro--
CESs.

In a companion paper (Cumtnings dand Chanson, 1997), the
velocity field will be described and bubble chord length distribu-
tions will be presented.
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