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Abstract The ability to locomote is a defining characteristic
of all animals. Yet, all but the most trivial forms of naviga-
tion are poorly understood. Here we report and discuss the
analytical results of an in-depth study of a simple navigation
problem. In principle, there are two strategies for navigating a
straight course. One is to use an external directional reference
and to continually reorient with reference to it. The other is
to monitor body rotations from internal sensory information
only. We showed previously that, at least for simple represen-
tations of locomotion, the first strategy will enable an animal
or mobile agent to move arbitrarily far away from its starting
point, but the second strategy will not do so, even after an infi-
nite number of steps. This paper extends and generalizes the
earlier results by demonstrating that these findings are true
even when a very general model of locomotion is used. In this
general model, error components within individual steps are
not independent, and directional errors may be biased. In the
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absence of a compass, the expected path of a directed walk
in general approximates a logarithmic spiral. Some examples
are given to illustrate potential applications of the quantita-
tive results derived here. Motivated by the analytical results
developed in this work, a nomenclature for directed walks is
proposed and discussed. Issues related to path integration in
mammals and robots, and measuring the curvature of a noisy
path are also addressed using directed walk theory.

Keywords Navigation - Compass - Cumulative errors -
Sensory noise - Motor noise - Directed walk - Elementary
step - General - Simple - Bias - Path integration - Straightness -
Curvature - Correlated random walk - Persistent random
walk - Logarithmic spiral - Dead reckoning - Vectorial
navigation - Central limit theorem - Positional moments -
Mean position - Expected position - Positional variance -
Axis of intended locomotion

1 Introduction

Noise is ubiquitous in biological systems. From stochastic
openings of ion channels to variability in muscular force,
there are ample sources from which noise can arise intrin-
sically in any biological control system. Concurrently, there
may be non-ideal environmental conditions causing difficul-
ties in acquiring precise sensory information, and/or difficul-
ties in executing precise motor output. It is well recognized
that cumulative noise/errors occurring during navigation will
lead to uncertainties in the final position of any navigating
agent. Furthermore, there is an intuitive agreement amongst
most people who study animal navigation that the use of an
external direction reference, i.e., a compass, would reduce
that final uncertainty, although this has never been proven
rigorously until recently. Cheung et al. (2007) provided this
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proof, at least for a simplified model of locomotion in which
angular and linear displacement errors were statistically inde-
pendent, and turning errors were unbiased. Here we show
that the proof holds even when the simplifying assumptions
are removed, and a very general model is used to characte-
rize locomotion and the properties of the sensory and motor
errors. To carry out the generalization, we compare analy-
tically two strategies for navigating a straight course; i.e.,
performing a directed walk. The first strategy is to use an
external directional reference, which in practice may be the
earth’s magnetic field (recently reviewed by Wiltschko and
Wiltschko 2005), the position of the sun or moon, or of the
polarization pattern that it generates in the sky (Wehner 1992,
1994; Dacke et al. 2003), or distant landmarks (Collett and
Rees 1997). The second strategy is to infer body rotations
from egocentrically based information, such as from limb
motions, or from vestibular or optokinetic signals, and to
use this information to prevent or compensate for unwanted
deviations.

This study generalizes the quantitative theory developed in
Cheung et al. (2007). In particular, the analysis will demons-
trate the navigational consequences of cumulative errors in
the presence and absence of a compass, for general locomo-
tion. Some examples of performance, predicted by theory,
will be illustrated and verified through computer simulation.

2 General elementary step

We wish to uncover general characteristics of the positio-
nal distribution during navigation without making specific
assumptions about the locomotion (details of which may not
always be available). To do this, it is necessary to develop
a mathematical description of the elementary step (the basic
repeating unit of locomotion), that is completely general.

It is clear that an accurate description of an animal’s
general elementary step must be more complex than a turn
and a step. What is the simplest mathematical description of
a completely general elementary step? We need to preserve
both qualitatively and quantitatively the features of locomo-
tion which affect the position of an animal during navigatio-
nal tasks. The corollary is that only the components of the
general elementary step which actually change the net posi-
tion and/or orientation of the animal need to be considered. It
should be noted that this does not in any way imply that other
movements are unimportant for navigation, but merely that
they do not affect the position of the animal. For example, an
animal which stops occasionally to scan its environment may
move its eyes, head, even limbs, without causing body displa-
cement. Sometimes, perhaps a higher level command causes
a brief excursion away from the current path, but with perfect
recovery of the current path at the point of deviation, i.e.,
zero net displacement. Multiple contiguous rotations may
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be summed and expressed as a net rotation mathematically,
without knowing the details of the component rotations. It
is clear that in these and similar examples, from the pers-
pective of the directed walk, the analytical treatment would
be equivalent even though there are clear behavioural dif-
ferences. Therefore, movements which do not alter the net
displacement or net rotations of the navigating agent will be
considered as being outside of the scope of the current work.

Vectors are convenient for representing the positional
change associated with each movement of an animal, allo-
wing the geometrically correct addition of the component
movements. Moreover, this procedure allows the breakdown
of individual components into any spatial and/or temporal
resolution, which is practical for measurement and/or analy-
sis. For instance, a hypothetical quadruped may have a gait
such that movement of each of the four limbs generates some
positional change of the animal, in some sort of sequence.
Hence, it may be prudent to represent the positional change
dueto each limb as a single vector, with some joint probability
function for the distribution of possible (egocentric) angular
and linear displacements. This hypothetical animal’s general
elementary step will therefore be built up of four component
vectors—one for the movement produced by each limb—and
their associated probability distributions (Fig. 1).

Suppose in another context it is necessary to have a des-
cription with much higher spatiotemporal resolution e.g. a
description of the movements of an animal resulting from
the activation of each muscle of each limb, or even each
motor unit of each muscle. Again, all the movements may
be represented as a sequence of vectors, with some associa-
ted joint probability distributions describing the angular and
linear errors.

Careful consideration reveals that the basic repeating unit
of locomotion can be modelled as consisting of m + 1 angu-
lar and of m linear components, in an alternating sequence,
where m can be an arbitrarily large integer. There is no intrin-
sic reason why locomotion cannot include rotations before
and after displacements. Although the rotation at the end
of the chain of displacements will not cause another dis-
placement per se, it will affect the starting orientation for
the subsequent step. Note that without loss of generality, all
contiguous angular or linear components are assumed to be
summed. A simple example illustrates the significance of
the three fundamental components of displacement (angular,
linear, angular). Suppose a flying insect such as a wasp is
attempting to move forward along a straight trajectory. We
may consider every wing beat cycle as a “step.” During each
step of its flight trajectory, the wasp attempts to move for-
ward through the air, but inevitably makes some error, so
that its actual displacement deviates slightly from the true
forward direction at the start of the step. Furthermore, due to
random inequalities in torque, its orientation would also have
deviated slightly, but not necessarily by the same amount of
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Fig. 1 Diagrammatic representation of a general elementary step (in
2-D space) during an allothetic directed walk (a), and an idiothetic direc-
ted walk (b). The small black arrows represent the reduced, statistically
dependent, component vectors making up each elementary, repeating
step unit (large gray arrows). L, is the length of the general elementary
step at time 7. A{ is the angular displacement error resulting in the angu-
lar discrepancy between the heading of the last component of the # — 1th
general elementary step, and the 7th general elementary step. Af’ is the
angular displacement error resulting in the angular discrepancy between
the rth general elementary step and the heading of its last component.
This particular example shows four component vectors per elementary
step, but this number is completely arbitrary and depends on the com-
plexity of the locomotor biomechanics of the animal. Note that angular
displacement bias terms have been omitted for clarity

deviation as the net displacement. In other words, the
directions of heading and displacement may be misaligned.
Hence, at the end of the flight cycle, the wasp’s forward direc-
tion would, in general, be slightly different from the displa-
cement direction which brought it there. To account for this
discrepancy, one must incorporate a second rotational error
term. Then at the next flight cycle, the wasp again tries to
move forward, unintentionally making another set of displa-
cement and heading errors, and so forth.

In general, any of the above components of motion may be
statistically dependent on any other. Using the example of the
hypothetical quadruped (Fig. 1), factors such as anatomical
asymmetry may cause each limb to contribute differently to

the elementary step. Indeed, it would be difficult to imagine
that the four limbs can move (displace) the animal totally
independently of each other.

From the preceding analysis, it is clear that the net posi-
tional displacement can be represented by a single vector
(sum of all m component vectors). Unfortunately, the net
vector cannot simultaneously account for both the angular
displacement before and the angular displacement after the
net positional displacement (see Fig. 1b). The reason is that
the allocentric direction of the vectorial sum is generally dif-
ferent to the allocentric direction of the last component of
movement. Mechanistically, it is the last component of the
t— 1th step which directly precedes the first component of the
tth step. Hence the allocentric direction of the last component
of the —1th step must be used as the reference direction to
measure the angular displacement, Af, of the rth step. The
actual heading of the rth step, ®;, will be the sum of the
reference direction and the displacement A{. The reference
direction of the #+1th step is ©, + A?. Hence combining the
two results, it becomes clear that a complete description of the
general elementary step requires fwo angular displacements'
and one linear displacement (see Fig. 1b). This is consistent
with empirically derived descriptions of locomotion in the
robotics navigation literature (for example see Milford et al.
2006). For completeness, it should be noted that the second
angular component Af is effectively removed when a com-
pass is used to reset heading (see Fig. 1a).

3 Dealing with biased angular error distributions

To simplify the derivation of first and second positional
moments, it is advantageous to define the following:

E[sin(a®+ a%)] =0.

In essence, the above definition implies that one must shift
the angular error distributions until the above equation is
satisfied. This is achieved by incorporating bias terms. All
subsequent derivations and indeed valid applications of the
results require that this step has been performed correctly.
However, this definition does not in any way constrain the
error distribution(s) allowed in the description of locomotion.
The reason is that a constant bias term may be added to either
or both distributions to ensure generality. Thus for an error
A%’ + AP’ following any finite distribution there must exist
a constant Ap;jas Such that:

E [sin (A“/ + AP — Abias)] —0.

! There is no distinction at this stage between biased and unbiased
general elementary steps. However, it should be clear that any systema-
tic bias may be incorporated into the angular displacement terms. The
distinction does become important for the derivation of the analytical
results.
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Proof Suppose there exist random variables A4’ + AP’
distributed such that

E [sin (ae+ Ab’)]

o0 o0
:/ /sin(A’“—i—Ab’)P(A“’, Ab’)dA‘”dAb’<O

—00 —00

then
E [sin (A‘” + AP — n)]

o0 o0
=/ /sin(A‘”+Ab’—n)P(A”’, A’”)dA“’dAb/

—00 —00

0o 00
_/ /Sin(Aa/+Ab/)P(Aa/, Ab/) dAa/dAb/
—00 —00
0

> V.

Since the expectation changes sign during the phase shift,
by Bolzano’s theorem (a special case of the Intermediate
Value Theorem) or by an argument of continuity of the sine
function, there must have been some intermediate value, call
it Apias, Which satisfied the original equality (Kreyszig 1993).
So a new variable can be defined:

Aa+Ab — Aa/+Ab/_Abias
whereby
E [sin (A“ n Ab)] —E [sin (A“/ FAb - Abms)] —0.

Clearly an analogous argument applies if £ [sin (A4'+A% )]
> 0.

This result guarantees that within the mathematical deriva-
tion for the first and second positional moments, it is possible
to decompose the angular displacement errors into a zero bias
distribution, plus a bias term, without loss of generality. The
significance of this will become apparent later.

Every general elementary step for a navigating agent
which used purely idiothetic cues; i.e., carrying out an idio-
thetic directed walk (see Sect. 4), regardless of error distri-
bution(s), can be written as a sequence of:

(a) turn 1 (A% 4+ AL ),

bias
(b) forward step (L), and
(¢) turn2 (AL + Ab ).

bias
Without correction, the allocentric heading ® at step ¢
would be:
t t—1
O = D AL IAL + D AL+ (= 1) Al
j=1 j=1
As shown already, it is clear that without loss of generality, the
two bias terms may be set such that E [sin (A?+A")]=0.
It will be demonstrated later that the bias terms may be
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separated via trigonometric identities to simplify the final
derivation of the positional moments.

In contrast, for a navigating agent which reset its heading
using an allothetic directional reference; i.e., carrying out an
allothetic directed walk (see Sect. 4), the general elementary
step reduces to:

(a) turn 1 (A? + Af

bias

(b) forward step (L).

), and

By resetting the current heading at every step using the
compass, the allocentric heading ® at step ¢ would be:

@leta—i-Aa

bias*

4 Nomenclature of walks

The idea of using “random walks” (RWs) to describe biologi-
cal phenomena, including animal movements, is not new (see
for example Berg 1983; Wu et al. 2000; Byers 2001). Howe-
ver, from the perspective of animal navigation, the termino-
logy excludes important, related types of walks. Furthermore,
it will be shown through the subsequent mathematical deriva-
tions that the nomenclature of RWs do not have the necessary
emphasis on the directed nature of useful navigation. There
is also a tendency to make simplifying assumptions about the
elementary step (see Sects. 2, 3). In short, the RW nomen-
clature does partially overlap with directed walks. However,
even where there is overlap, the existing results from the RW
literature are insufficient to properly quantify directed walks,
particularly from a navigation perspective. This motivates a
new nomenclature which we define here. A more detailed
justification will be provided in Sect. 7.

We introduce here an intuitive yet mathematically rigorous
nomenclature for directed walks (DW s), which may better
serve the study of animal navigation than the traditional RW
nomenclature. At this time, the nomenclature includes two
independent sets of descriptors. The first type of descriptor
denotes the nature of the directional cue used to guide navi-
gation. The nature of the directional cue was shown to be
critical in determining the properties of the directed walk
(Cheung et al. 2007). Hence a logical subdivision of directed
walks would be idiothetic directed walks (IDWs) and allothe-
tic directed walks (ADWs). As their names suggest, during
an IDW, only internal directional cues are used, i.e. no com-
pass, while during an ADW a compass is used to directly reset
heading during every elementary step. For clarity, we empha-
size that a “compass” here refers to any cue which gives
stable allocentric directional information, and includes glo-
bal geomagnetic information, distant landmarks, and celes-
tial cues (perhaps with ephemeris corrections). Intuitively,
this definition can be considered to imply that a true direc-
tional pointer, behaving much like a geomagnetic compass
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Table 1 Classification of directed walks

Sensory data Idiothetic Allothetic
Examples Vestibular *Optic flow Geomagnetic
Proprioceptive PEstimation of rotation Distant landmark
using allothetic reference
Corrected celestial cue
Processing Neurally integrated (internal) -
Angular error Cumulative Non-cumulative
Directional cue Idiothetic (IDW) Allothetic (ADW)

4 Optic flow uses spatial and/or temporal changes in light intensity recorded by the motion detectors of the visual system. Even though it is thought
that the estimation of optic flow occurs in the motion detector apparatus, the light signal itself has an allothetic origin

b For example, a navigating agent could take two bearings of an allothetic cue (such as the solar azimuth or a distant landmark), one before and
one after a rotation. The angular displacement of the agent could be estimated from the observed angular displacement of the allothetic cue

needle, is always available to the navigating agent throughout
the navigation task.

For example, consider a navigating agent attempting to
move along a straight line using purely optic flow information
to correct for estimated deviations off course. In the same way
that differential wheel-based odometry may be used to esti-
mate rotations in a robot, differential optic flow may be used
as a surrogate measure of rotation. Is this an IDW or ADW?
The principle of the classification is based on the source of
the estimate of absolute heading (rather than rotation rate or
rotation per step). If the optic flow is measured through an
analysis of local spatiotemporal changes in the image, as des-
cribed, for example, in Barlow and Levick (1965), Reichardt
(1961), Horn and Schunck (1981) or Srinivasan (1990, 1994),
then the navigating agent would still have to internally sum or
integrate rotations in order to obtain an estimate of absolute
heading, leading to cumulative angular errors. Consequently,
the behaviour would be no different, at least in principle, to
using inertial or proprioceptive information. If optic flow is
measured in this way, it would lead to an IDW. Table 1 sum-
marizes the conditions under which IDWs and ADWs are
obtained.

The second set of descriptors refers to the complexity of
the locomotory unit, i.e., the type of elementary step. We
define a simple DW (IDW or ADW) as locomotion with a
simple elementary step; i.e., one step consists of a linear
displacement and an angular displacement that are statisti-
cally independent of each other and the distribution of the
angular error is unbiased. Thus, the examples in Cheung
et al. (2007) would all be classified as simple directed walks.
A general DW is defined as locomotion with a general
elementary step (see Sect. 2), of which simple DWs are a
subset.

To give an example using this nomenclature, a general
unbiased IDW denotes a compassless directed walk, where

the unit of locomotion is a general elementary step but with
bias terms set to zero.

It is important to remember that a DW may be used to
describe an animal’s displacement through real or neurally
represented space. The former is best imagined as an actual
animal attempting to travel along some ideal path. Due to
cumulative sensorimotor errors, locomotion is imperfect and
deviates from the ideal path. The latter may be thought of as
an imperfect neural record of actual movements, again due
to noise. Both interpretations are mathematically equivalent.

5 Methods

Important principles and definitions are described below,
which are used during the derivation of analytical and nume-
rical results.

5.1 Mathematical derivations, substitutions and definitions

Most of the detailed steps required to derive the results listed
in the text are omitted, due to space constraints. However,
the fundamental principles of all the derivations are explai-
ned. For example, it is well understood that the second cen-
tral moment, otherwise referred to as the variance, is readily
obtained from the first and second raw moments of a distri-
bution i.e.,

V(X)=E (XZ) — E(X)?,

and the variance of the linear combination of two variables
is given by

V (aX +bY) = a’V (X) + b>V (Y) — 2abCov (X, Y).

Repeated applications of trigonometric identities and sums
of geometric series, standard algebraic manipulations, and
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in some instances basic integral calculus yield all the results
listed in the text. More detailed derivations are available in
the supplementary section.

A range of symbols is used to represent quantities which
could not be further simplified without losing generality.
Other symbols are used to make complicated expressions
more succinct. Symbols used in the text include the follo-
wing:

| |
by

()
(

E (L?cos A% sin A“)

E (L2 cos? A“)
=F

(cos2 (A“ + Ab))
(L cos A“)
E (Lsin A”)

Ya.b

s = E (L cos A% cos (A% + A?))
tay = E (Lsin a%sin (4% 4 "))
wes = E (L cos A? sin (A“ + Ab))
wse = E (L sin A% cos (A“ + Ab))
Xap = E (cos (A“ + Ab) sin (A“ i Ab))
Bab = E (cos (A“ + Ab))

&a ,Oa] [E(LsmA“) E(LCOSA“)]

- Sm b1as b _ cos (Aglas)
cos (A, P2= | sin (AL

blas bias

77ab+Lab

&
I

Wse — wcs

+E L sin A% sin (A“ + Ah))
L sin A% cos (A“ + Ab))
—FE L cos A% sin (A“ + Ah))

EE Lcos A% cos (A“ + Ab))
Wse — Wes

[

L sin A“ cos (A“ + Ab))
—E (L cos A% sin (A“ + Ab))
—F (L cos A cos (A“ + Ab))
—E (Lsin A%sin (A9 + A?))
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m; = :pa ga] — [E(LcosA“) E(LsinA“)]

md — [ cos (2A€1as) mb — —sin (ZAIl;las)
2 Sm (ZAglas) 27 | cos (ZAglas)

77ab —la,b —Wes _wsc]

L cos A% cos (A“ + Ab)) T

—E (L sin A%sin (A + Ab))
—E L cos A% sin (A“ + Ab))
—E (L'sin A%cos (A? 4+ A?))

m?:[wc +wvcnab_Lah]

(L cos A%sin (A® + AP)) T

+E L sin A% cos (A“ + Ab))
(L cos A% cos (A + AP))
—E L sin A? sin (A“ + Ab))

m4=|:§0a__wa

—[ 2cos A“)—%Lz)

E (L2 cos A% sin A”) ]

To allow terms with trigonometric functions of multiple
angles to be expressed as powers, the following substitution
is made.

T = cos ( bias + Ablas) + i sin ( bias + Ablas)
where i = +/—1,

which means that

cos (m ( bias T Ablas))
Tm T—l’n
— + and sin (m (Agias + Agias))
DN Gt
2i ’

Using complex representations of the cosine and sine of mul-
tiple angles is convenient for the subsequent derivations but
it should be noted that in the final results, all the imaginary
components cancel when evaluated (which of course must
be the case, given the positional moments are real).

5.2 Hypothetical example

An hypothetical example of a general elementary step was
generated consisting of a turn A%, a step L, and another
turn A’, with statistical dependence between error terms,
and with biases.
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_ | | _
pdf(Aa) | 2@+1 —Aa< A <a+1 16sin(a+ ) — (4a + 6) cos @+l
- : 2 2
0 otherwise S@r) S
1 +0.128 sin ——— — (0.24+0.16a)cos?
AbZEAa Ua,b:2 Ca a
—(2a+ 17)sin = — (2 — 4a) cos =
L=2A%+1 ’ Sa ? Sa
Aﬁ- — _0.17ad —(0.4a + 0.328) sin 5~ (—0.16a + 0.08) cos >
1as ° - -
b _ r 1 1 .
Apjas = +0.05 rad 16sin (“er ) _ (4a +6)cos & ; )
. S@+1) 5(a+1)
X . . X —0.128 sin ——— + (0.24 + 0.16a) cos ———
As explained earlier, the bias terms must be adjusted such lap =2 ( )
that — (a +17)sin g — (2 - 4a) cos %
5 5
. +(0.4a + 0.328) sin 7“ + (=0.16a + 0.08) cos 7"
E (sin [A“ FA ]) - -
g 3 3 3 3 F—16cos (“'H) — (4a + 6) sin —(Q'ZH)
= — — s — - - -~ 1 1
9 [ st (2“) Cos(z) cos(za) sin (2) ~0.128c0s 2D 024 40,160 sin 22D
3 3 T3 Des =2 a . a
+ sin |:—a:| + icos |:§ai|1| = +(2a+17)c055—(2—4a)sm§
5 5
+(0.4a + 0.328) cos 7“ — (=0.16a + 0.08) sin 7“
In this example, the parameter a can then be evaluated ™ 16 cos (a -;— 1) 4 a4 6)sin (a _25_ 1) -
5 1 5 1
. /3 3 —O.IZSCOSM —(0.24 + 0.16a) sinM
a_ztan—l(sm(f)_i) Do =2 22 ;
- 3 : _ _ _ in —
3 1 — cos (E) (2a + 17) cos 2 + (2 —4a) sin 5
5 5
4 (0.4a + 0.328) cos 7“ — (—0.16a + 0.08) sin 7“

All other relevant parameters for the first and second posi-
tional moments can be expressed as functions of a as follows
(derivations are found in supplementary Sect. AS):

Ba.b :2[_3‘305( (a+1))—%sm<; )—i—g(%a)]

Yab = 1 cos(3(a+1)) — l sin 3a) + 1cos (3a)

2
1
[(a-l-l)( o +§a2+§a3)
4 4,
—(*‘f‘g +§(1)

xcos (3 (a+ 1))+ (g

5 1 17 4 4
— [a (1 + Ea +2a% + §a3) + (27 + 9a — §a2)

3a) + 1+52 +4 in (3a)
x cos (3a) 3 Ea 3a sin (3a

Pa,b

16 in (3 1
+Ea) sin (3 (a + ))]

1 1 1

Xab = —=sin (3a 4+ 3) + = cos 3a) + = sin (3a)
’ 9 3 9
— (24 + 16a)cos 3 (a + 1))

1| —(19436a+124%)sin 3 (a + 1))

@ab =97 | +(9 4 52a + 36a?) cos (3a)

— (17 + 12a — 12a%) sin (3a)

5.3 Computer simulations

Monte Carlo simulations of attempted straight line naviga-
tion were carried out in MATLAB 6.5 for 500 steps, both
with and without a compass. Locomotion was assumed to be
described by the general elementary step defined above. At
each iteration, 20,000 random floating point numbers were
generated by using the inverse of the cumulative distribution
function of the first angular displacement error

C=cdf ' (r)=a+1—-+1—r,

where r was a random value drawn from the interval [0, 1]
using MATLAB’s standard random number generator. Note
that the probability density function was defined in the pre-
vious section. The linear and second angular displacement
errors were functionally dependent on this first randomly
distributed value as explained previously. For compass-based
navigation, the heading direction was reset to zero following
each step, whilst for the case without a compass, the heading
errors were accumulated. Each iteration represented a single
general elementary step. For each of the 20,000 runs, the posi-
tions were recorded following 1, 2, 5, 20, 100 and 500 steps
(iterations) to show how the distribution of positions evolved
with step number during attempted straight-line navigation
with and without a compass.
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6 Results

Subsequently, we will derive the properties of the four
different directed walks, namely the general unbiased ADW,
the general ADW, the general unbiased IDW and the general
IDW. Then the effect of large systematic bias during IDWs is
examined, and lastly, the shape of the general IDW is derived.

6.1 A general unbiased allothetic directed walk

It is straightforward to derive the first and second positional
moments of the directed walk using a compass. The results
are:

E (Xota1) = nE (L cos Aa) = npq
E (Yow) = nE (Lsin A%) = ng,

V o) =1 (90 — 02)

V (Yiotal) =1 (/LZ — Pa — 53)

Like the results of a directed walk with a simple elemen-
tary step (Cheung et al. 2007), all of the above four quanti-
ties increase linearly with step number n. However, due to
the statistical dependence between linear and angular errors,
even in the absence of bias, it is possible for the step to be
asymmetrical and lead to a net drift away from the axis of
intended locomotion. Furthermore, the asymmetry may lead
to an asymptotic distribution asymmetrical about any line
parallel to the axis of intended locomotion (see next section
for more details). This is in contrast to the simple elementary
step where the expected path would follow the axis of inten-
ded locomotion for either an idiothetic or allothetic directed
walk (Cheung et al. 2007). Table 2 provides a comparison
of some important properties of various forms of directed
walks.

6.2 A general allothetic directed walk

The positional expectations and variances for the comple-
tely general elementary step whilst using a compass are as

follows.
E (Xuat) = nE (Lcos (A% + Afy,)) =+ = np1p
E (You) = nE (Lsin (A% + A%,)) = - = np1p3

The positional variances are proportional to the step number
so since

V(X)) =E (L2 cos” (A“ + Agias))
—E (Lcos (A + Al,,))°
= . = @uc08 (2A8;,) — wa sin (2A8,,)
+u2 sin® A — (Plpg)z
then
V (Xotal)

=n [‘p‘l cos (ZAgias) — Wg Sin (ZAgiaS)
. 2
+ 12 sin” Agias - (plpg) ] .
Similarly, in the perpendicular direction,

V(¥

bias

E (L2 sin? (A% + Af,))
—E (L sin (Aa + Agias))2

= ... = —@, COS (ZAgias)
. a 2 a 5 ’
+ w, sin (2Abias) + o cos” Ay — (Plpz)
which becomes

V Yiota) = 1 |: — @4 COS (2Agias) + w, sin (ZAgiaS)

M2 COS™ Apiag P1P2

The analysis above and the computer simulation example
shown in Fig. 2a show that the average distance travelled
along the intended direction increases in direct proportion to
the number of steps taken. Thus, with the use of a compass,
the animal can travel arbitrarily far away from its starting
point.

The results derived above are completely valid for the
general elementary step. In fact, applying the Central Limit

Table 2 Comparison of various

types of directed walks P.roperties of Expected Deyiatif)n from . Theoretical limit
directed walks path shape axis of intended locomotion to expected path length
Simple ADW Straight No No
Simple IDW Straight No Yes
General unbiased ADW Straight Yes No
General unbiased IDW Straight Yes Yes
General ADW Straight Yes No
General IDW Logarithmic spiral Yes Yes
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a General Allothetic Directed Walk

1 step 2 steps 5 steps
10 10 10
Yoo / 0 7 0 P 4
-10 =101 i . =10 E .
-10 0 10 -10 0 10 -10 0 10
20 steps 100 steps 500 steps
10 20 40
=10}
~10 s -20 . . -40 :
10 20 30 80 100 120 450 500
X X X
b General Idiothetic Directed Walk
1 step 2 steps 5 steps
10 T 10 y 10 ™
Y 0] 4 0 ) 0 )
_10 -10 . | -10 i J
-10 0 10 -0 0 10 -0 0 10
20 steps 100 steps 500 steps
40 1 150 1 300
Y 0 0 0
-4p L 15 -300 =
-40 0 40 -150 0 150 -300 0 300
X X X

Fig. 2 aComputer simulations of the results of general compass-based
navigation, showing the end points of 20,000 simulated journeys after
1 step, 2 steps, 5 steps, 20 steps, 100 steps and 500 steps. At every step,
the axis of intended locomotion is along the abscissa. All 20,000 simu-
lated journeys began at the origin (0,0). The hypothetical locomotory
unit was described in detail in Sect. 5. Note the change in scale in the
lower panels to accommodate the increasing means and spread of posi-
tions of the simulated agents. b Computer simulations of the results of
general navigation without a compass, showing the end points of 20,000
simulated journeys (other parameters as in part a)

Theorem, it is possible to show that the asymptotic positio-
nal distribution will be a bivariate Gaussian (see supplemen-
tary Sect. A2.2 for further details). Although all bivariate
Gaussian functions have elliptical isodensity curves, the axis
of intended locomotion may not coincide with either the long
(major) or short (minor) axis of the ellipse. In order to cal-
culate the orientation of the elliptical axes, the covariance of
the X and Y displacement is needed:

Cov (X1, Y1) = E(X1Y1) — E(X1) E (Y1)

bias

= £ (L2cos (A + Afyy) sin (A% + Af,) )

bias

—E (Lcos (A" + Afi))

E (Lsin (A" + Afiy))

bias

= ... = COS (ZAgiaS) Wq + Sil’l (2Agias)

(9o — 12/2) — (p1p3) (Plplz)) :

Suppose the original Cartesian axes are called X and Y, and
that the short (minor) and long (major) axes of the elliptical
bivariate Gaussian are X and Y. The transformation between
the two coordinate systems may be written in matrix form as
follows:

X cos¢ —sing X0

y | | sing cos¢ Yo
Thus the positional variances along the rotated axes would
be

V(X)) =V (Xpcos¢p — Yy sing)
- (c0s2 (;5) V (Xo) + (sin2 ¢) % V (Yo)
— 2 (cos @) (sin ¢) Cov (Xg, Yo)

V(Y) =V (Xgsinf + Yy cosH)
- (sin2 9) V (Xo) + (cos2 9) % V (Yo)

+ 2 (cos 0) (sin @) Cov (Xo, Yo)

The rotational angle ¢, which minimizes/maximizes the res-
pective positional variances can be found through differen-
tiation. The value is given by

1 1 ( 2Cov (Xo, Yo)
tan

o=~ —)ikn where ke{Z>0}.
V (Yo)—V (Xo)

a

2
Thus the asymptotic positional probability density func-

tion would be

1

pdf (x0, y0) = 7——
2moy0y

. 2 . 2
1 (xo cos ¢—y( sin d)fnplpg) (X() sin ¢+y( cos ¢—npy plz’)
7z 2 + 2
xe ! ,

where

oy :\/(cos2 ®) V (Xo)+ (sin2 @) V (Yo)—2 (cos ¢) (sin ¢) Cov (Xg, Yp),

oy :\/(sinz ®) V (X0)+(cos? ¢) V (Yp)+2 (cos ¢) (sin ¢) Cov (X0, Yp),
Cov (Xg,Yg) =n [cos (2A%45) @a + sin (2A%,0) (0a — 142/2)
— (p1p3) (p1p'2’)] :

V (Xo) =V (Xiora) and V (Yo) =V (Yotal)-
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This form of the density function effectively rotates the
frame of reference to coincide with the major and minor
axes of the elliptical bivariate Gaussian. Figure 3a shows the
rotational transformation graphically.

A more conventional method would be to account for the
rotation directly through the covariance matrix. The general
multivariate normal distribution can be written as

1
emN? JIZ]

For the current example, N=2
x KX
Z= and p = .
|:y :| # |:“Y ]

_ ey Crap=D"-1 | nmpp  oxas
) = (¢a — %) T2 T2 Yab—1

pdf (z) = 2@ = @—p)

E (X2

total

-1 2Yap—1 =l
X |:(I’l — 1) (zl/a,b - l)n - ( y.zbymb)—Q ] + ﬁa,;_l

5;,b_ﬂa.b

[pa (na,b“’ta,b) —&q (Des _wsc)] ( Bup] _n+1) +[/Oa (na,b_ta,b) —¢&a (wcs+wsc)] |:

X

n=2)Bab (ap—1)"""

like the case with a compass (general ADW). As before, the
cause is an (unbiased) asymmetry in locomotion due to the
way in which angular and linear displacement are statistically
interdependent in the mathematically general case.

n n
—1
- b
E Xiow) = D paBly = pai-o—r
=1 IBa,b -1
n n b — 1
E (Yiou) = D el = a7 —
’ Bap—1

=1

The second positional moments are more complicated

than for the simple elementary step but the resemblance in

form is evident. For clarity, only the second raw positional
moments are listed here.

Bas ran=1)""~B1, )
(2Vap=1)=Ba 2Ya,b—2

_2Xa,b (pa (Wes+@se)+€a (na,b _La,b)) |:( 2Yab—1—Bab

(zya,b_l_ﬂa,b)z 2Vab=2 (27/11,[1_2)2

_ (=) TA) o) (2. b—l)n_2+W|
a,

2yap—1)"—1 . —1 Qyap—1)""=1
() = (% o) 00 2 2 [ s = )" gt

2Yq,b—2 Yab—1

ﬂ:: N [,*lsu b

[/Oa (na,b +la,b) —&q (Wes _ZUS(,')] ( Ba _”+1) - [/Oa (na.b _la,b) —&q (Wes + wxc)] |:

X

2)Bab Crap)" >

2Ya,p—2

ﬂa,b(z)’u,l7*1)n7]7 t'll,b _ (2]@_},71)”7171
(2Vap—1)—Bab 2Vap—2

+2Xa,b (pa (Wes +@se) +eq (na,b_la,b)) |: ar1Pas

2Ya,p—2

ﬁtzx,b((ZVa.b—l)"_z—ﬁfllf) ) (2]/ ,— 1)ﬂ2+(2}/a.b1)"21:| ’
a,

(ZVn,bflfﬁa,b)z (2Va,b*2)2

The covariance matrix is

V (Xo) Cov (Xo, Yo)
Cov (Yo, Xo) V (Yo) '

The resulting probability density function is of course
identical to the previous, but expressed in a different refe-
rence frame.

6.3 A general unbiased idiothetic directed walk

Consider now the case where the animal attempts to travel
along a straight line without the use of an external direction
reference, i.e., no compass (an IDW using the current nomen-
clature). The derivations for a generalized step are similar in
approach to the case of the simple elementary step (Cheung
et al. 2007) but yield slightly different results. The most
significant difference between a simple IDW and a gene-
ral unbiased IDW is that, in the latter case, the component
of displacement perpendicular to the axis of intended loco-
motion is, in general, not zero. In other words, the expected
path drifts away from the axis of intended locomotion much

@ Springer

6.4 A general idiothetic directed walk

In the presence of bias, the derivation of the expected path is
more complicated than for the case without bias. Note that
the first step is identical to the case with a compass (e.g.
first panel of Fig. 2a, b). The first positional moments for the
general IDW are reported below. Details of the derivations
are found in supplementary Sects. A3.1 and A3.2.

pip3 +ipiph \ [ 1 — B, "
E (Xiotal) = 2 2 s
2 1-Br,
N pipd —ipip? \ [ 1 — BL,T7"
2 1 — BapY™!
b_ - a 1— 8" 1"
P1P; — !P1P; a,b
E (Yiotal) =
( total) ( ) )( 1 — ,Bu,bT )
N pips +ipip3 \ [ 1 — B, ,T"
2 1 - ﬁa,bTﬁ]

Despite the increased complexity in form, the results bear
resemblance to the simple elementary step without a compass
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(Cheung et al. 2007). Not surprisingly, there is also an asymp-
totic expected displacement along and perpendicular to the
axis of intended locomotion, as the number of steps increases.

. pip® + ipip? 1
lim E (Xeol) = 2 2
n—oo 2 1— ,Ba,bT

L (P2 ipps 1
2 1-— ,BH,;,T—I
1— ,Ba,b Cos (Agias + Agias) b
— P1P2

= p1p3
1- 2/3“,17 cos ( gias + Agias) + ﬂg,h

X ( .Ba,b sin (Agias + Agias) )

1 —2f4, cos ( gias + Aﬁias) + ﬂg,b

b . a
. P1P; — !P1P 1
lim E (Yiotal) = 2 :
n—00 2 1— ,Ba,b’r

N pip} + ip1p3 1
2 1 - ﬁa,bTil
1 — Bapcos (Agias + Agias) )

= pip}
1 2134»1’ cos (Aﬁias + Aﬁias) + '3217

. b
n a ,Ba,b sin ( gias + Abias)
P1P3 ) a b 2
,Ba,b Cos (Abias + Abias) + ’Ba,b

Given the curvature of the expected path, the asymptotic
expected position may not be the maximum expected displa-
cement. For example, it is clear from Fig 3c that the mean
position following 500 steps was not the furthest reached
during the journey either along or perpendicular to the axis
of intended locomotion. Section 6.5 provides details of the
expected path itself.

As for the simple IDW of Cheung et al. (2007), the second
positional moments for the general IDW are much more com-
plicated in form than those of the first positional moments.
For the general elementary step, the complexity is compoun-
ded by the fact that error components are no longer assu-
med to be statistically independent. Consequently, there are
many more irreducible terms (whose definitions were listed
in Sect. 5.1).

The second positional raw moments for the general IDW
are reported below. Details of the derivations are found in
supplementary Sects. A3.3 and A3.4.

E (X2 ) _npy | ((mamiimgmd ) (021 (2y0-1)"
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mymj + imlm}; -1 Y284 — T‘”“ﬂ;{h
2(1=""1841) 1—_Y"184,
mj [mlmg mlmlz’ ]T —im§ [—mlm‘z’ mymj ]T
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Given the prevalence of usage of the correlated random
walk as a model of animal dispersal, it is pertinent to write
the measure of dispersal, E(R?), for the general elementary
step. It is more complicated than for a simple elementary step
(Kareiva and Shigesada 1983) but is considerably simpler
in form than the second positional moment either along or
perpendicular to the axis of intended locomotion.

2 2 2 2 2
E (Rtotal) =E (Xtotal + Ytotal) =E (Xtotal) +E (Ytotal)

. 2 1
mlmg—tmlmg ((n—l)T—T Bap—TY"T 53,1;)
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Figure 5b shows how the two variance functions of the
example IDW increase with the step number. This is in
contrast to Fig. 5a which shows the equivalent ADW. Like the
results of Cheung et al. (2007), the lack of an allothetic direc-
tional cue (i.e. a compass) tends to lead to larger variances
(noisier navigation), but although both functions asymptoti-
cally tend to parallel linear functions, in the case of general
elementary steps, they may cross those linear functions and
even each other (see Fig. 5b).

As alluded to already, the probability density function
for the location of the end point will approach a circularly-
symmetric Gaussian distribution, as evident in the lower
right-hand panel of Fig. 2b and also in Fig. 4c.

Careful examination of the variance functions show that
asymptotic gradients can be found by setting all terms with n
in the index to zero, and all terms which do not possess n form
the constants. Therefore, the variance functions asymptote to
the same linear function of the step number n so that

. dV (Xiota) . dV (Yiota) Mn2
lim —— = lim —— = —

7—>00 dn =00 dn 2
+ mlmg (COS (Agias + Agias) _ﬂ“,b) +m1mgsin (Agias + Alb)iax)
1 —Zﬁu,b COos (Agias + Agias) +ﬁ3,b

Similar to the asymptotic case of the compassless directed
walk with a simple elementary step (Cheung et al. 2007),
the variance functions are again essentially stationary and
bounded above and below by linear functions, satisfying
the strongly-mixing («-mixing) condition (Rosenblatt 1956).
Hence, the central limit theorem may be applied and we
conclude that in the limit as the number of steps becomes
large, the variables Xt and Yiorar Will be (approximately)
normally distributed, i.e.,

Xiotal — E (Xtotal)

li ~N(O,1)
n—00 v 14 (Xtotal)
and
Y, — E (Y
m total ( total) ~N (0, 1).

n—oo

kY 1% (Ytotal)

Furthermore, we note that the asymptotic gradients of the
variance functions are identical. This means that the ratio of
the two variances will approach unity as the number of steps
nincreases. Since the angular error distribution approaches a
flat distribution in the limit (radially symmetric), the cova-
riance of the X and Y displacements asymptotically goes to
zero, i.e.,

lim Cov (Xotal, Yiota) = 0.

n—oo
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a General allothetic directed walk
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Fig. 3 Comparing simulation and derived results. a The distribution
of 20,000 agents following 500 steps of directed walk with a compass
is shown. This corresponds to the last panel of Fig. 2a. Two pairs of
derived axes are shown. The first represents + two standard deviations
either side of the mean along and perpendicular to the axis of intended
locomotion. The second represents =+ two standard deviations either side
of the mean along the long and short axes of the elliptical distribution.
b The expected path for an unbiased directed walk without a compass
(black line) and mean path from simulation (black dots). The whiskers
shown at the end of the expected path correspond to one standard error
of the mean. ¢ As per b except bias is present. Details of the locomotor
unit are described in methods (Sect. 5.2)

a Isodensity curves

200 -

Y position
o

-200 0 200 400
X position

b Asymptotic ADW distribution

¢ Asymptotic IDW distribution

Fig. 4 Comparison of probability density functions following a 500
step directed walk in the presence and absence of a compass. Locomo-
tion was assumed to be described by the hypothetical general elementary
step described in the text. a The isodensity functions for 1, 2 and 3 stan-
dard deviations from the final expected position are shown for the two
probability density functions. b The positional probability density func-
tion, using a compass. The scale bar represents 20 linear units. ¢ The
positional probability density function without the use of a compass.
The locomotor assumptions are otherwise the same as in b. The scale
bar represents 100 linear units. Both the 2-dimensional (X —Y) spatial
domains shown represent 5 standard deviations from the centre of each
distribution along and perpendicular to the axis of intended locomotion.
The maximum probability density of each distribution is 2.6 x 1073
(linear units)~2 and 2.9 x 10~ (linear units) 2, respectively, for panels
bandc
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a ADW variance functions

Positional variances
(linear units 2)
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Step number

b IDW variance functions
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¢ Positional uncertainty ratio (IDW:ADW)
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Fig. 5 a How the variances along and perpendicular to the axis of
intended locomotion increases with the number of steps, when using a
compass at every step. The variances from derivation (/ine) and simu-
lation (dots) are shown. b The same without a compass. ¢ The ratio
of the positional uncertainty between an IDW (no compass) and an
ADW (compass), as a function of the total angular bias. The asymptotic
gradient for the IDW was used as the measure of rate of increase of
positional uncertainty without a compass. The product of the standard
deviations along the elliptical axes was used to calculate an equivalent
rate of increase of positional uncertainty for the ADW. Due to the large
differences in positional uncertainties, the ratio is more conveniently
displayed on a logarithmic scale. A logjo uncertainty ratio of 0 implies
equal rate of increase of positional uncertainty. The locomotor unit was
otherwise the same as that described in methods (Sect. 5.2), except for
the variable bias as shown

@ Springer

This implies a joint probability density function which
reduces to

1
27T\/V (Xtota) V (Yrotal)

1 |:(Xt0ta] —E (Xtotal)) (Ytotal - E (Ytotal))2:|

lim pdf (Xiota1, Yiotal) =
n—00

2
e Vv (Xtotal) Vv (Ytotal)

Given the theoretical usefulness of Lévy flights or Lévy walks
(Viswanathanetal. 1999), and a growing body of evidence for
their use by animals (Viswanathan et al. 1996, 1999; Atkin-
son et al. 2002; Bartumeus et al. 2003; Ramos-Fernandez et
al. 2004; Reynolds et al. 2007) and even by humans (Brown
et al. 2007), we discuss them briefly below.

Cheung et al. (2007) detailed the justifications for assu-
ming step length distributions had finite means and variances.
It was also acknowledged that a truncated Lévy distribution
would have a finite mean and variance, and could theoreti-
cally be a biologically plausible distribution of step length
in an arbitrarily complex unit of locomotion. As before, the
central limit theorem would still apply (Mantegna and Stan-
ley 1994) but the rate of convergence to Gaussian would be
slower (Shlesinger 1995). Nevertheless, the general conclu-
sions of this work would remain valid.

6.5 A general idiothetic directed walk follows
a logarithmic spiral

It is clear from Figs. 2b and 3c that the expected path of a
general IDW appears to be more complex than for the general
ADW (compare with Figs. 2a and 3b). What is the expected
path of a completely general directed walk? To answer this
question, the expected displacements are derived again using
integral approximations of series sums (see supplementary
Sects. A3.1 and A3.2 for details). In this way, a parametric
continuous approximation of the discrete path is obtained.

Pa In IBH b+ &a [Abms + Ablas]

E (Xtotal)
[Ablas blas] + [ln 'B“ b]
'32;71/2 cos ([Ablas blas] (I’l + 1/2) blas)
X —-1)2

ﬂ b cos ([ blas blas] (1/2) blas)
Pa [ b1as+Ab1as] —&alnBap
[ bias blas] + [ln ﬁa b]

'82,771/2 sin ([ bias + Ablds] (}’l + 1/2’) blds)
—-1/2 .
_'Ba,b/ S ([Aglas bldS] 1/2) - blas)

= roe®? cos (0 + 1)
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and

gqIn ﬂa b — Pa [Ablas + Ablas]
[ bias + Ab1as:| [ln '3a>b]

ﬂ:;)l/z cos ([Aglds + Ablas] (n + 1/2) blas)

- ) blas] (1/2) blas)

E (Ytotal) ~

ﬂa p COS ([ blas
€a [Ablas + Aﬁlas] + Pa In IBG b
[Agla§ blai] + [ln 'B‘l h]
'3:11;71/2 sin ([Ablas blas] (n + 1/2) blas)

X _
_ﬂa,llz/2 sin ([AbldS blas] 1/2) - bms)

= rpe®? sin (6 + 1)
where
In Ba.p
®= 7A’ 9:’1( bld§+Abld§)’
blas + bias
b
T = M—f—tan_l €a1n fap — (Aglas + Ablas)
2 (Aglas + Abias) €a + paln .Ba,b
24 g2
and rg = Pat e

,Ba,b (( bias + Ablas) + (ln ﬁ“’b)z)

In fact, the expected path is well approximated by parame-
tric equations of a logarithmic spiral. The seventeenth century
Italian mathematician/physicist Evangelista Toricelli showed
that in fact the total inward path of a logarithmic spiral (star-
ting from a fixed point) is finite, irrespective of the number
of revolutions travelled. In view of the current results, this is
not surprising.

6.6 Systematic bias can reduce positional uncertainty

There is a curious phenomenon associated with a general
directed walk without a compass. If there is no net bias i.e.,
Aps T+ Ablas = 0, then the positional uncertainty behaves
very much like that of the simple directed walk described
in Cheung et al. (2007). In particular, we can see that the
asymptotic rate of increase of positional uncertainty will be
greater than for a purely random walk, under most realistic
conditions. Specifically, the condition which needs to be met

is

mym§ = E (Lcos AY) E (L cos Ab)

—E (Lsin A%) E (Lsin ) = 0.
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Then
1i dv (Xtotal) dv (Ytotal)
m — = m —————
n—00 dn n—00 dn

_ M2 m;mj S K2

T2 1B 2
The condition is really a measure of the tendency to drift from
the axis of intended locomotion due to the asymmetry in sta-
tistical dependence between angular and linear components
of the general elementary step. Thus for most practical pur-
poses, the inequality would hold for both equations. Indeed,
the hypothetical example described earlier had asymptotic
positional variances which increased more than 22 times fas-
ter than that of a random walk with equivalent step sizes!

However, in the presence of bias, the behaviour can be
quite different. For instance, if the bias terms of the earlier
example are changed to Af, = = Aﬁlas = +0.35 rad, the
asymptotic positional variances of the general directed walk
only increase at a rate of 5.1 x 1072 times that of a random
walk. In fact, the equivalent directed walk with a compass
yields larger positional variances. This is true for the major
and minor elliptical axes.

It should be noted that the bias terms are treated as con-
stants which superimpose onto the random angular error
distributions. Therefore, the biases could be interpreted as
unmeasured biases in the locomotor unit, or as a controlled
movement pattern. This peculiar result suggests that if an
agent had to continue moving in order to, say, escape from
a pursuing predator, but loses access to a compass, its best
strategy would be to make purposeful biased movements. At
the conclusion of such a journey, its positional uncertainty
would have increased less than if it tried to maintain a straight
course. Unfortunately, the expected positional gain is also
very limited. Hence an optimal escape strategy is likely to be
one which balanced the risk of predation against the risk of
getting lost.

7 General discussion

In Sect. 4, we introduced the nomenclature of “directed
walks” (DWs) with brief justification. Here we discuss the
use of traditional “random walks” (RWs) and their shortco-
mings in navigation theory, motivating the use of DWs.

RW and diffusion-reaction models have had a long history
of finding applications in previously unexpected contexts.
For example, random movements of pollen in aqueous sus-
pensions (Brown 1828) led, eventually, to the first quanti-
tatively testable predictions of molecular properties using
kinetic theory (Einstein 1905). Karl Pearson first posed the
problem of the drunkard’s random walk (Pearson 1905a) and
was probably the first to describe any form of animal/human
navigation in this way. Lord Rayleigh (1905) recognized
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the problem was analogous to earlier works on the physics
of sound wave propagation, to Pearson’s surprise (Pearson
1905b). Since then, fields as apparently unrelated as econo-
mics (e.g. Malkiel 1973) have found RWs and their variants
provide useful frameworks in which to describe and analyze
problems.

In biology, the “correlated random walk” (CRW) has been
used as a model of animal foraging (Bovet and Benhamou
1988), dispersion of animals and plants (McCulloch and Cain
1989; Byers 2001), surface locomotion of biological cells
(Nossal and Weiss 1974), and insect movement (Kareiva and
Shigesada 1983). In an apparently unrelated context (but see
Wu et al. 2000), the “persistent random walk” (PRW) has
been used to describe end-to-end lengths of polymers (Tchen
1952; Claes and Van den Broeck 1987; Bracher 2004). Che-
mical bonds along a polymer are assumed to have random but
restricted bending, which gives rise to a distribution of the
polymer’s net length. In a 2D situation, the restricted bond
angle’s random deviation is actually analogous to the angu-
lar displacement error of a navigating agent during a simple
IDW. Similarly, the bond lengths are analogous to the step
sizes.

It turns out that Eqs. (4) and (5) from Bracher (2004)
are exactly analogous to the expected displacement along
the axis of intended locomotion, and Ep;x, respectively, of
Cheung et al. (2007). It should be noted that although CRWs
(e.g. Bovet and Benhamou 1988) and PRWs (e.g. Grey 1989)
are defined differently, their properties are very similar.

Despite the long history of RWs and some distinct simila-
rities to DWs, there are several critical differences that justify
keeping the DW nomenclature separate from RWs.

(1) Many variants of RWs begin by assuming a uniform
heading distribution, implying that all allocentric direc-
tions are equally likely, at least for the first step. There
is potential for confusion here because the description
of a single animal attempting to head towards a parti-
cular goal should obviously begin with a biased hea-
ding direction, as the term “directed walk™ intuitively
suggests. From the analysis in Cheung et al. (2007),
it is clear that even in the absence of a compass, the
probability function of the agent has a distinct direc-
ted character at the early stages of the walk, and only
later degenerates to what appears to be a CRW distribu-
tion. However, irrespective of the number of steps taken,
the expected displacement is not zero. Thus, a distinct
direction is maintained, unlike the classical (Pearson’s)
RW or the CRW. Furthermore, the rate at which the
“directed” character of the walk degenerates and takes
on more “random” character depends critically on the
statistical magnitude of the angular errors that are made
at each step. The angular errors are inversely related
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2)

3)

“4)

to the allocentric correlation of headings of successive
steps. Indeed, the greater the correlation, the slower
the degeneration, implying the persistence of a directed
character for a longer period. Only when the correlation
between the headings of successive steps is negligible
or very small, does the walk display a truly random
character. Hence the degree of “correlation” and “ran-
domness” are actually inversely related.

Adding a compass does not alter the intrinsic locomotor
unit other than using the compass to reset the animal’s
heading direction at the beginning of each step (or end
of the previous step). This is the “allothetic directed
walk” (ADW). It is clear from the current work that the
ADW behaves very differently to the IDW. Yet this very
pertinent description of navigation would now fall out-
side the standard RW nomenclature. Marsh and Jones
(1988) used the terms “oriented” models and “unorien-
ted models” to describe using and not using a compass,
respectively. This nomenclature is by itself consistent
with the current work but is not used here for two rea-
sons. Firstly, the term “unoriented” suggests no direc-
tionality exists at all which is not true even for the IDW.
Indeed, for small idiothetic angular displacement errors,
the directed nature of the IDW may persist for a consi-
derable distance which would certainly show “orien-
tation.” In fact, theoretically, the probability density
function is always oriented with respect to the origin.
The second reason is that there is a direct correspon-
dence between the type of directional sensory cue used
and the nature of the directed walk, hence the terms
“idiothetic” and “allothetic” were adopted.

Complex locomotor units have not been a focus of the
RW literature. There does not appear to be any work
which considers a general elementary step with statis-
tically dependent angular and linear error distributions,
with a general step structure consisting of a turn, step
and another turn, allowing for biased and/or asymmetri-
cal errors. Indeed even a moderately complex
locomotor unit would display atypical characteristics.
Larralde (1997) considered a PRW problem in terms of
persistent local asymmetrical (chiral) scattering of par-
ticles. This meant that the heading distributions were
biased in the egocentric reference frame. Interestingly,
it was recognized that the diffusion constant had a kind
of “resonance-like” property. We now know that the
expected path of the general IDW follows a logarithmic
spiral which gives rise to the potentially nonmonotonic
(resonance-like) first and second positional moments.
Despite the explosion of problems which have been
identified to fit into the RW framework, and despite
the number of results which have been derived to solve
those problems, there are still significant properties of
CRWs and PRWs for which general solutions have not
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been found. One such property is the expected radial
displacement, E (Ria) (Bovet and Benhamou 1988;
McCulloch and Cain 1989; Wu et al. 2000; Byers 2001;
Bracher 2004). From the current work, it is clear that the
directed nature of the positional distributions demand
at least two separate first moments i.e., £ (Xo) and
E (Yiotal), plus the corresponding second moments.
These quantities are reported in the current work in
exact, closed forms. Interestingly, the exact form of
the expected radial displacement squared, E (R2,,), is
equivalent for the CRW, PRW and simple IDW, and
is relatively trivial [e.g. Eq. (2) of Kareiva and Shige-
sada 1983, or Appendix (A) in Marsh and Jones 1988,
or Eq. (9) of Bracher 2004]. Accordingly, Sect. 6.4 of
this work only reports the general form of this quantity,
rather than reiterate the previously known results.

Now we focus on navigation, for which the theory of direc-
ted walks was originally developed (Cheung et al. 2007).
It was demonstrated previously that in the case of a rather
simple model of locomotion, it can be proven that, without a
compass, medium to long range navigation is all but impos-
sible. The simple reason lies in the fact that the positional
expectation has a maximum finite limit, and worse still, the
positional variances grow more rapidly than in a random
walk. Indeed, the smaller the cumulative random errors, the
more rapidly the variances increase asymptotically. The lar-
ger the cumulative random errors, the smaller the maximum
expected displacement.

The current work extends the above findings to incorpo-
rate a very general description of locomotion, the general ele-
mentary step, which can theoretically account for any level of
complexity of animal locomotion relevant to navigation. In
fact the only assumption that is required is statistical indepen-
dence between the error components of successive general
elementary steps.

General directed walks share some distinct similarities
with their more basic counterparts the simple directed walks.
However, as the locomotory unit’s complexity increases, so
too the mathematical characterization of the evolving proba-
bility density functions (see Table 2).

7.1 Straight line navigation requires the use of a compass

The results of the present study confirm that any animal that
can travel reasonable distances in an approximately straight
line must be doing so with the aid of a compass. This must be
true irrespective of the complexity of locomotion or whether
there is a feedback system for path correction.

Regardless of the complexity or sophistication of the
navigation system, there will always be sensorimotor noise.
The presence of sensorimotor noise completely changes the

behaviour of a navigating animal which does not use a
compass. The net progress per step decreases with successive
steps; the general expected path is approximately a logarith-
mic spiral (which degenerates to a straight line in the absence
of bias); the positional variances are also nonlinear functions
of step number, sometimes with fluctuations that can result in
successive minima and maxima, until parallel linear asymp-
totes are reached. The asymptotic probability density for the
animal’s position is a radially symmetric bivariate Gaussian
function, centred at a finite distance from the starting point.
One peculiar distinction between the simple directed walk
(Cheung et al. 2007) and the general directed walk (present
work) is that any bias can radically alter the magnitude of
the positional uncertainty. We have shown here that extre-
mely large biases can incur positional uncertainty in such a
way that it actually increases less rapidly in the absence of a
compass.

However, if the biases are moderate, and the locomo-
tory unit makes significantly more gain in the egocentrically
forward direction at each step, then the behaviour of the
variance functions resembles those of the simple directed
walk. Indeed, the latter is more likely to reflect biologically
realistic locomotion. In essence, a forward-biased locomo-
tory unit would result in greater positional variances in the
absence of a compass, but a laterally-biased locomotory unit
would result in greater positional variances in the presence
of a compass.

7.2 Path integration systems are governed
by the same constraints

There are suggestions in the literature that certain animals,
under controlled conditions, may use purely idiothetic cues
for path integration (Mittelstaedt and Mittelstaedt 1982;
Etienne et al. 1996, 1998). As alluded to in Cheung et al.
(2007), it should now be possible to differentiate path inte-
gration, which uses purely idothetic cues, from one which
uses allothetic directional cues. The only proviso is that a
sufficiently large population of experimental trials should
be conducted to have reliable estimates of positional means
and variances. For example, if the mean position shifted by
approximately the same distance following each step, each
variance function increased linearly at its own distinct rate,
and the region of positional uncertainty was small relative to
that of a random walk, then the animal was almost certainly
navigating with the use of a compass. In contrast, if the dis-
placement of mean position became smaller and smaller with
successive steps, the variance functions accelerated towards
parallel asymptotes, and the region of positional uncertainty
was larger than for arandom walk, then the animal was almost
certainly navigating without the use of a compass.

In the rat, there are at least two regions in the medial tem-
poral lobe whose neurons display activity fields which seem
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to be related to the animal’s spatial location. Both hippocam-
pal “place cells” (O’Keefe and Nadel 1978) and entorhinal
“grid cells” (Hafting et al. 2005) have response patterns under
light which are anchored to allothetic directional cues. The
fact that these distinctive firing patterns persist when visible
cues have been removed, have been taken to mean that idio-
thetic path integration continues to update the position of the
animal (Quirk et al. 1990; Gothard et al. 1996; Hafting et al.
2005; McNaughton et al. 2006; Barry et al. 2007 reviewed
by Jeffery 2007).

Following that interpretation and based on Cheung et al.
(2007) and the current work, it is clear that the expected path
of the animal in both representational and real space must
have a finite length. Furthermore, the variances are likely to
increase very rapidly (faster than random walks for forward-
biased locomotor units). Both these properties would lead to
degeneration of the association between place and neuronal
activity; i.e. the maintenance of place or grid fields would be
theoretically impossible. Suppose the rat tried to move bet-
ween two places which corresponded to the firing peaks of a
grid cell. Firstly, our results show that such a path (motor out-
put) would degenerate rapidly without a compass. The expec-
ted measure of the same distance decreases with successive
steps so that the two peaks would be expected to converge into
one. Furthermore, the region of positional uncertainty would
increase rapidly, probably accelerating initially and even-
tually approaching a steep linear function. In other words,
the spatial area now associated with one grid cell activity
peak would likely expand faster than a random walk.

Suppose that the animal had some allothetic directional
reference for movement, but used idiothetic cues for path
integration. Even then, its internal representation would
succumb to the same phenomenon as described here as a
general directed walk without a compass, but in representa-
tional space. Again, it would be impossible to maintain an
association between place and neuronal activity. Hence, if
path integration is truly idiothetic, it would be impossible to
maintain spatially consistent activity fields.

Hafting et al. (2005) reported that the spike activity of
grid cells persisted for 30 min in darkness after an initial lit
period of only 10 min. If idiothetic path integration is nearly
theoretically impossible, yet the initial orientating allothe-
tic cue has been eliminated, how is the rat estimating its
position in space? From our results, it would seem that the
rats must have been using non-visual allothetic directional
cues whilst moving in the dark. This conclusion is consistent
with those of Dudchenko and Bruce (2005) who tried to
systematically remove reliable allothetic directional infor-
mation for rats in similarly restricted laboratory arenas. Yet
even after significant efforts at making the allothetic cues
ambiguous, they concluded that the animals still did not
resort to idiothetic navigation. In essence, seemingly weak
allothetic cues, at least as judged by the experimentalist,
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were preferred over idiothetic cues. Although the activities
of place and grid cells were not recorded in those expe-
riments, the behavioural results suggest that rats have the
ability to anchor to a wide range of allothetic cues, across
sensory modalities, and importantly assess the usefulness of
those cues in a dynamic way. Given existing evidence that
rats can substitute one external directional cue for another
(Jeffery et al. 2006), it should not be surprising if they switch
from a visual cue during lit conditions, to a non-visual but
still allothetic cue (such as the noise from recording equip-
ment, the airflow from vents, or odour and tactile cues) during
darkness. Save et al. (2000) showed that hippocampal place
fields lose their stability if the light is turned off and odour
cues are actively cleaned behind the moving animal. There
was no obvious evidence that idiothetic cues were interrup-
ted.

It is important to note that there are movement strategies
which could incorporate idiothetic navigation for short per-
iods, but which are allothetic in the long run. For instance,
if the rat maintains and even resets its representation of hea-
ding direction by moving along walls of a confined arena,
and perhaps also resets its absolute positional representation
at corners, then, in principle, it could make regular, short
sojourns into the middle of the arena and still curtail the
accumulation of sensorimotor noise. However, based on the
definitions and results of the current work, the arena itself
should be considered as an allothetic directional cue. This
idea is in keeping with the results of O’Keefe and Burgess
(1996) who showed that subtle changes in arena configura-
tion resulted in place fields which maintained their spatial
relationship to nearby walls.

As a final point to note, most rodent models of navigation
are based on data obtained from experiments in confined
arenas (for obvious methodological reasons). For example,
McNaughton et al. (2006) described a toroidal model of
grid cells which could explain their spatially-repetitive firing
fields. In their model, it was assumed that the output of path
integration gave rise to a spatial phase shift of the entire set
of grid cells (for each toroid). Thus in this model, the spatial
regularity of the resultant firing field would depend critically
on the accuracy and precision of the path integrator’s output.
From the analytical results presented above, it is clear that
such accuracy and precision during path integration is only
possible in the presence of a compass. So how can a grid
field’s stability be preserved for extended periods in dark-
ness? One obvious theoretical answer is that the animal has
access to non-visual compass cues, such as constant air flow
direction or asymmetrical equipment noise. In the absence of
all compass cues, however, path integration must be supple-
mented by extra positional information—such as the arena
boundaries, or actively laid olfactory cues. Then in principle,
the animal could re-zero its positional uncertainty each time
it encountered a positional cue. However, the latter method
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would only work in a confined navigational domain where the
probability of re-encountering a positional cue is sufficiently
large.

7.3 Artificial navigation using idiothetic
path integration

As explained in Cheung et al. (2007), our results are equally
applicable to the navigation of autonomous robots. Further-
more, the disastrous effects of cumulative errors in path inte-
gration systems have been recognized in studies of robot
navigation (Ingemar 1991) and sophisticated techniques have
been developed to try to avoid the problem (Thrun 1997,
2003). Of particular interest is the correspondence problem
(also known as the data association problem). A prime
example of this occurs when a robot is used to map a large
cyclic environment. At the end of one cycle in physical space,
the pose of the robot (position and orientation) may be asso-
ciated with a large amount of uncertainty, due to an
accumulation of sensorimotor noise.

The question then arises as to whether the current loca-
tion corresponds to a previously visited one? This is a key
question of many simultaneous localization and mapping
(SLAM) algorithms (Thrun 1997, 2003; Milford 2008). The
present work may offer some insights into this problem. It
is clear that if the position is updated through idiothetic path
integration, there is likely to be much larger positional and
heading uncertainty. It is now possible to quantify the uncer-
tainty as functions of step number or total path length. Hence
for an environment of given complexity, assuming a reaso-
nable estimate of sensorimotor noise per “step,” it should be
possible to estimate the error rate following each cycle. In
principle it should be possible to determine whether a given
mapping task is likely to be achievable at all.

For example, suppose a robot using wheel-based odome-
tric path integration is to map the perimeter of a 10m x 10m
square region, travels 10 &= 1 cm every wheel cycle (1 o),
and has combined sensorimotor angular noise per cycle with
o of 2°. As a first approximation, assume the angular and
linear errors are Gaussian and statistically independent. It can
be shown that following one full loop around the perimeter of
the square region, the average represented positional variance
is about 109 m?. If fully unconstrained (i.e., no knowledge
of arena geometry), there is no way that the robot’s idiothe-
tic path integration system alone would be sufficient for it
to assign the current location to the starting point with any
reasonable degree of confidence.

Clearly, alternative strategies must be in place to reduce
the area of positional uncertainty. For instance, being able
to use a compass throughout the journey reduces the average
positional variance by nearly five thousand times
(to 2.24x 1072 m?) for identically distributed sensorimotor
noise per wheel cycle. If some prior knowledge about the

environment is available, for example that the path follows
the perimeter of a square arena, then the positional uncer-
tainty may be reduced even further. This is because prior
knowledge reduces the area of uncertainty in which the navi-
gating agent could be located, even before any sensory infor-
mation has been obtained.

7.4 Straightness and curvature of a path

It was shown in Cheung et al. (2007) that the egocentrically
measured linear and angular displacements of a sequence
of steps can be used to calculate an index of straightness
of a path. Its relative stability compared to D/L (Batschelet
1981) as a measure of straightness, and its sensitivity to error
distribution unlike the better known index of sinuosity (Bovet
and Benhamou 1988), offers real advantages in application.

The current work offers one more important extension
to the index of straightness Engax. Intuitively, there are at
least two reasons why a path may not be straight. Firstly,
successive steps may not be aligned due to random errors.
Secondly, there could be a general trend (a systematic bias)
which causes a distinct curvature in the path. The former was
accounted for by the indices of straightness and sinuosity des-
cribed above. The absolute curvature itself is determined by
the bias terms. Expressed in radians, they are natural mea-
sures of curvature and may be considered trivial.

However, estimating the relative contributions of systema-
tic bias (curvature) and random angular errors to the overall
structure of a path is not trivial. Perhaps the simplest approach
would be to take the ratio of the bias to the standard deviation
of the angular errors between steps,

a 4 Ab

bias bias

JV@ao v (ab)

However, in much the same way that Bovet and Benhamou’s
sinuosity index is distribution insensitive (see Cheung et al.
2007), empirically derived measures of this type would suffer
from the same limitation. Finally, there is no easy geometric
interpretation of such an index.

From the results of the current work, an intuitive solu-
tion can be found. We now know that a tortuous path with
random turns plus a systematic bias has an expected path
which follows a logarithmic spiral. It is well known that the
pitch of a logarithmic spiral defines its shape and is scale-
invariant. Since the shape of the expected path is determined
by the interaction of the maximum expected path length (or
total length of the spiral) and the absolute curvature (bias per
step), the magnitude of the pitch must relate the path length
and absolute curvature. Therefore a signed pitch value, SP,
is inversely related to the amount of contribution of the sys-
tematic bias compared with random turns,
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The greater the magnitude of pitch, the greater the relative
magnitude of random turns, leading to more rapid degene-
rescence of expected progress. Hence the spiral’s tangent is
angled closer to the radial line. A positive SP value represents
an anticlockwise inward spiral, and vice versa for a negative
SP value. Overall, SP represents a robust yet distribution sen-
sitive measure of the relative contribution of systematic bias
to the curvature of the path. However, due to the scale inva-
riance property, a small systematic angular bias coupled with
a small random angular error can yield a similar pitch to a
large pair of values. This is not a problem since the maximum
expected displacement may be used as an absolute index of
the amount of random angular errors. In the general case,
we need to be careful since the expected path is a spiral. We
want the total length of the spiral path rather than the asymp-
totic expected position. It is obvious that the total path length,
Diotal, can be obtained directly from the positional expecta-
tions of the unbiased version of general directed walk without
a compass,

2 2 Bap —1 24 2
Dioal =+ E (Xtotal) +E (Ytotal) = '3 b 1 Pa + &4
a,b —

Therefore, the combination of SP and Dy, gives a succinct,
robust and unambiguous description of the systematic and
random angular deviations of a tortuous path.

T A+ A
SP=sgn ( bias T Agias) 5~ tan~! bias

7.5 Quantifying animal navigation paths

Navigation is an extremely important component of the total
set of behavioural outputs of nearly every animal. Clearly
it would be an advantage to be able to quantify that output
objectively and robustly. From the results from Cheung et al.
(2007) and the current results, we suggest that it would be
instructive to quantify first and second positional moments
following any navigational task. This is particularly impor-
tant if the sensory inputs used during navigation are unclear.
For example, some animals seem to be able to navigate rela-
tively short distances without using a compass (Mittelstaedt
and Mittelstaedt 1982; Etienne et al. 1996, 1998). There are
three ways in which this may be quantified on a population
basis. Firstly, on repeated trials, the mean position should
advance by decreasing increments, tending towards some
finite asymptotic location; secondly, the positional variances
should initially accelerate, with or without fluctuations,
asymptotically increasing with equal but constant rates; and
thirdly, in all likelihood, the asymptotic gradient of the posi-
tional variance functions would be greater than a random
walk (except in the presence of extreme angular biases).
Demonstrating these three properties would lend strong
theoretical support for the notion that the animals are truly
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carrying out idiothetic path integration. In practice,
population-based methods may at times be cumbersome.
Based on the principles of the current work, individual-based
path quantification methods are presently being developed
and tested.
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