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Abstract

Alien species are often a major threat to native species. We consider optimal conservation strategies for a population whose viability is

affected both by an alien species (such as a competitor, a predator, or a pathogen) and by random fluctuations of the environment (e.g.

precipitation, temperature). We assume that the survivorship of the native population can be improved by providing resources such as

food and shelter, and also by an extermination effort that decreases the abundance of the alien species. These efforts decrease the

extinction probability of the native population, but they are accompanied by economic costs. We search for the optimal strategy that

minimizes the weighted sum of the extinction probability and the economic costs over a single year. We derive conditions under which

investment should be made in both resource-enhancement and extermination, and examine how the optimal effort levels change with

parameters. When the optimal strategy includes both types of efforts, the optimal extermination effort level turns out to be independent

of the density and economic value of the native species, or the variance of the environmental fluctuation. Furthermore, the optimal

resource-enhancement effort is then independent of the density of the alien species. However, the parameter dependencies greatly change

if one of the efforts becomes zero. We also examine the situation in which the impact of the alien species is uncertain. The optimal

extermination effort increases with the uncertainty of this impact except when the cost of extermination is very high.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Invasions of alien species form a major threat to
biodiversity (Wiliamson, 1996). Since alien species can be
competitors (Goergen and Daehler, 2001) or predators
(Diamond, 1989), they often threaten the viability of native
species. There have been several experimental and theore-
tical studies on how to manage alien species in order to
mitigate their harm (Watson et al., 1992; Hone, 1994; Ruiz
and Carlton, 2003; Byers et al., 2002; Higgins et al., 2000;
e front matter r 2006 Elsevier Ltd. All rights reserved.
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Hastings et al., in press; Ruiz and Carlton, 2003; Arriaga
et al., 2004; Travis and Park, 2004). For example, Taylor
and Hastings (2004) calculated the optimal control strategy
for an invasive grass, Spartina alterniflora under budget
limitation.
In addition to species interactions, plant and animal

populations are often affected by environmental and
demographic fluctuations. There are several theoretical
studies on optimal resource-enhancement strategies with
incomplete information on these factors (Yokomizo et al.,
2003a, b, 2004; Bretagnolle and Inchausti, 2005). In a
previous paper, we studied the optimal level of resource-
enhancement effort in the presence of environmental
fluctuations (Yokomizo et al., 2003a). We assumed that
resource-enhancement effort improves the survivorship of
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Fig. 1. Scheme of the model (see text).
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an endangered population, but it is accompanied by a cost.
The optimal strategy is the one that minimizes the weighted
sum of the extinction probability and the economic cost of
conservation. We examined how the optimal resource-
enhancement effort level depends on effort effectiveness,
the magnitude of environmental fluctuation, and the length
of the conservation period. In a subsequent study, we
considered a situation in which the exact population size is
unknown, but some information (a cue) about it is
available (Yokomizo et al., 2003b). Accuracy of the cue
can be improved by a monitoring effort. Yokomizo et al.
(2003b) calculated optimal levels of resource-enhancement
and assessment efforts. Yokomizo et al. (2004) extended
these results to multiple-year optimization using stochastic
dynamic programming. However, none of these models
explicitly considers effects of interactions between species,
which is the subject of the current study.

Consider a native species threatened by an alien
population which reduces the survivorship or the repro-
ductive rate of the focal species. There may be several
alternative ways to reduce the extinction risk of the focal
species. For instance, its survivorship can be improved, by
providing their resources, such as food and shelter, or by
diminishing or exterminating the alien species (Caughley
and Gunn, 1995). An illustrative example is given by an
endangered native species in California, USA, Least Bell’s
Vireo (Vireo bellii pusillus) (Kus, 1998, 1999). An invasive
species, the Brown-headed cowbird (Molothrus ater),
parasitizes broods of Vireo, thus decreasing its reproduc-
tive success. Resource enhancement is aimed at creating or
restoring habitats of Vireo, whereas extermination effort
consists of removing cowbird eggs from nests of Vireo and
of trapping adult cowbirds. Both types of effort entail
costs.

The management decision concerning these efforts must
also consider effects of stochasticity caused by environ-
mental fluctuations on population dynamics. Currently,
there are no general guidelines on how to select the optimal
strategy among multiple types of efforts under the
constraint of limited economic costs. In this paper, we
derive such guidelines for a single year time scope. We
focus on the conditions under which both efforts should be
positive. First we study the situation in which the per capita
impact of the alien species is known, and then we generalize
this to cases where this impact can only be estimated with a
limited accuracy.

2. The model

We consider the situation illustrated in Fig. 1. A
population of a focal species lives in a fluctuating
environment and is threatened by an alien species. The
management goal is to protect the focal population. Even if
the initial density is large, the population may go extinct if
the environmental conditions are very unfavorable and/or
the alien species has a large negative effect on survivorship
of the focal species.
The population density of the native species is at its
minimum just before the reproductive stage. We assume
that the population goes extinct when the density drops
below a threshold value. The extinction probability is large
when the alien population is large and the focal population
is small. To mitigate the extinction risk, we can invest in
resource-enhancement effort and in extermination effort.
Resource-enhancement effort, e.g. by supplying food or
shelter, improves the survivorship of the native population
directly. In contrast, extermination effort has an indirect
positive effect on the focal population, by decreasing the
density of the harmful alien population. Since both these
efforts are accompanied by economic costs, there may be
intermediate optimal levels. The optimal effort levels are
chosen based on the initial density of the focal and alien
species, before the magnitude of environmental fluctuation
of the year becomes known. To simplify the analysis, we
assume that the conservation period is 1 year.

2.1. Population dynamics

Let N1 and M0 be the densities of the focal population
and the alien population respectively at the beginning of
the year (see Fig. 1). The density of the alien population
after extermination stage, is given by

M1 ¼M0 exp½�ae � f hh�, (1)

where ae, fh and h are the decrease in the logarithmic
density due to mortality, the effectiveness of extermination
effort, and the extermination effort level, respectively.
We assume that the survivorship of the focal population

fluctuates randomly and that the survivorship of the focal
population decreases with the density of the alien species.
Let exp½�an þ x� kM1� be the survivorship of the focal
species until reproduction. Here, �an is the mean decrease
in the logarithmic population density, x is a random
environmental variable following a normal distribution
with mean zero and variance s2x, and k is the per capita
impact of the alien species.
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After investment in extermination effort, we may choose
to invest in resource-enhancement effort to improve the
survivorship of the focal species. Let e be magnitude of the
resource-enhancement effort and let fe be its effective-
ness. The density of the focal population after the risky
period is

N2 ¼
N1 exp½�an þ f ee� kM1 þ x� if � an þ f ee� kM1 þ xp0;

N1 if � an þ f ee� kM1 þ x40:

(

(2)

For simplicity of the analysis, we here assume that the
survivorship of the alien population is not affected by
random environmental changes, or by resource-enhance-
ment effort. We denote the initial logarithmic population
density by z ¼ lnN1. The population becomes extinct when
z� an þ f ee� kM1 þ x becomes lower than a threshold
value y.
2.2. Criterion for optimality

The extinction probability is decreased by resource-
enhancement and extermination efforts. However, both
efforts incur a cost. We assume that the economic costs of
resource-enhancement effort and extermination effort are
cee and chh, respectively, where ce and ch are cost
coefficients. We search for the effort levels that minimize
the weighted sum of extinction risk and economic costs:

F ¼ w
Extinction risk

of the population

" #
þ

Economic costs

of conservation

� �
! minimum;

where the probability of extinction is multiplied by a
positive constant w indicating the economic value of the
population. This can be rewritten as

min
eX0; hX0

E½ww½z� an þ f ee� kM1 þ xpy� þ ceeþ chh�,

(3)

where w[A] is an indicator function, which is 1 if event A

occurs, and 0 otherwise. We can rewrite total cost as

F ðe; hÞ ¼ w

Z �zþanþy�f eeþkM0 exp½�ae�f hh�

�1

FðxÞdxþ ceeþ chh,

(4)

where FðxÞ ¼ e�x2=2s2x
. ffiffiffiffiffiffiffiffiffiffi

2ps2x
q

denotes the probability
density function of a normal distribution with mean 0
and variance s2x. The total cost F(e, h) is a function of
resource-enhancement effort level e and extermination
effort level h. We will now derive the optimal effort levels
e* and h* that minimize Eq. (4). In the following, we first
consider the case where the influence of the alien species k

is known. Later we discuss the situation where k is
unknown.
3. Optimal resource-enhancement and extermination:

mathematical analysis

For convenience we introduce the notation:

X ¼ z� an � y; Y ¼ kM0e
�ae ;

be ¼ wf e

.
ce

ffiffiffiffiffiffiffiffiffiffi
2ps2x

q� �
; bh ¼ wf h

.
ch

ffiffiffiffiffiffiffiffiffiffi
2ps2x

q� �
;

ze ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2x log b2e

q
; zh ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2x logðYbhÞ

2
q

:

(5)

Thus, X represents the difference between the expected log-
density of the focal species just before reproduction and the
extinction threshold. Y indicates the decrease in the log-
density of the focal species due to the alien species. In the
following we will refer to Y as the effect of the alien species.
The partial derivatives of F with respect to e and h are

qF

qe
¼ �wFð�X � f eeþ Y exp½�f hh�Þf e þ ce, (6a)

qF

qh
¼ �wFð�X � f eeþ Y exp½�f hh�ÞY exp½�f hh�f h þ ch.

(6b)

The conditions for the optimal effort levels to be
positive, and the formulas for the optimal effort levels
are derived in Appendix A. Results are summarized in
Fig. 2. When bep1, qF=qeX0 for all eX0 and hX0. When
Ybhp1, qF=qhX0 for all eX0 and hX0 (see Appendix A).
The parameter space can be divided into five regions

(A–E), based on the signs of the partial derivatives. In
regions C and D, F has two extrema. One of these
corresponds to the minimum (see Appendices A and B).
We denote the location of the local minimum of F by ðê; ĥÞ
and the optimal effort levels which correspond to a global
minimum in eX0, hX0 by (e*, h*). In region C there are
parameter combinations where ðê; ĥÞ lies in the positive
quadrant, whereas in region D ĥ is always negative. Thus,
only in region C there are situations where both optimal
effort levels are positive.
In all of the regions other than C, at least one of the

optimal effort levels is zero. In region A both efforts should
be zero. In region B, optimal resource-enhancement effort
is zero, but h* may be positive, and equal to ĥð0Þ, the
optimal value of h when e ¼ 0. For high X-values, both
effort levels should be zero. For small values of X the value
of h* is determined by comparing the values of F(0, 0) and
F ð0; ĥð0ÞÞ. When F(0, 0) is smallest, h* ¼ 0, otherwise it is
positive and h� ¼ ĥð0Þ.
In region C, it is possible that both e* and h* are

positive. In that case their values are (see Appendix A):

e� ¼ ê ¼
1

f e

ð�X þ f ech=f hce þ zeÞ, (7a)

h� ¼ ĥ ¼
1

f h

log½Ybh=be�. (7b)

In Eq. (7a), ze is an increasing function of the
economic value of the population w and the efficiency of
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Fig. 2. The optimal resource-enhancement and extermination effort levels. The parameter space is divided into 5 regions based on the existence of extrema

and the signs of the partial derivatives (see Appendix A).
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resource-enhancement effort fe, and a decreasing function
of the cost of unit resource-enhancement effort ce. ze has a
peak at an intermediate level of the variance of the noise
s2x. Furthermore, in this region it cannot happen that e*40
whereas h* ¼ 0 (see Appendix A). For small values of X we
have to determine the values of e* and h* by comparing
F(0, 0), F ð0; ĥð0ÞÞ, and F ðê; ĥÞ. The smallest value corre-
sponds to the optimum.

In regions D and E, optimal extermination effort is zero,
but resource-enhancement effort can be positive. In that
case, e* equals êð0Þ, the e-value at which F(e, 0) has its
minimum:

êð0Þ ¼
1

f e

ðY � X þ zeÞ. (8)

For low X-values, the optimal value of e is determined by
comparing the values of F(0, 0) and F ðêð0Þ; 0Þ.

Now, from the summary of these results in Fig. 2, we can
derive necessary conditions for e*40 and for h*40:

e�40) be41 and Xomin Y þ ze;
f ech

f hce

þ ze

� �
,

h�40) Ybh4maxð1;beÞ and XoY þ zh, ð9aÞ

where zh is an increasing function of the economic value of
the population w and the efficiency of extermination effort
fh, and a decreasing function of the cost of unit
extermination effort ch. zh has a peak at an intermediate
level of the variance of the noise s2x. Furthermore, from
Eq. (9a) we derive the necessary condition for both positive
effort levels as follows:

e�40; h�40) X � zeo
f ech

f hce

oY . (9b)

This inequality implies that the both efforts become
positive when (I) density of focal species, X is small, (II)
effect of the alien species Y is large, and (III) ratio of cost-
efficiency between resource-enhancement and extermina-
tion effort f ech=f hce is moderate level.
Note that these conditions are not sufficient, because for

very small X the boundary minimum of F may have a lower
value than the solutions of e*40 or h*40. This
corresponds to situations in which the density of the focal
population is low and, accordingly, the risk of extinction
and/or costs of necessary efforts are very high. As a
consequence, it is not worth the effort of trying to conserve
it anymore. We will refer to this set of X-values as the
‘hopeless zone’. When the conditions in Eq. (9a) hold, e*
can become zero due to this effect when

Xomax Y � ze;
f ech

f hce

� ze

� �
(10a)

and h* can become zero when

Xomax Y � zh;
f ech

f hce

� ze

� �
. (10b)

However, the boundaries of the hopeless zone may lie
much lower than these values. This can only be examined
numerically (see the next section).
From Eq. (9a) we see that, regardless of X, e* will be

zero when be is smaller than one. From the definition given
in Eq. (5), it follows that this happens when the value of the
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Fig. 3. (a) Parameter regions where optimal resource-enhancement or

extermination efforts are positive. The horizontal axis indicates the cost

per unit resource-enhancement effort. (b) The optimal resource-enhance-

ment effort (solid lines), and the optimal extermination effort level (broken

lines). Parameter values: w ¼ 5, f e ¼ 1, f h ¼ 0:8, ch ¼ 0:5, s2x ¼ 7, Y ¼ 1,

ce ¼ 0:75 in (b).
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focal population, w, is small compared to sx and/or when
the ratio of cost to efficiency for resource-enhancement
effort ce/fe is large. Similarly, Eq. (9a) states that
extermination effort should be zero when w is small
compared to sx, when the ratio of cost to efficiency
for extermination effort ch/fh is large, or when Y

is small, i.e. when the alien species has a very low density,
or a low impact on the focal species. Furthermore, h*
becomes zero when the ratio ðf e=ceÞ=ðf h=chÞ is large
compared to Y. ðf e=ceÞ=ðf h=chÞ is cost-to-effect ratio of
resource-enhancement relative to that of extermination.
Thus, if the efficiency of resource-enhancement is high
compared to that of extermination, and if the effect
of the alien species is small, no extermination effort should
be adopted.

When X does not lie in the hopeless zone and be exceeds
one, the optimal resource-enhancement effort level de-
creases with X and the cost of the effort, ce, but increases
with w. The optimal resource-enhancement effort has a
peak at an intermediate value of the efficiency of the effort,
fe and environmental fluctuation sx. Further, as long as Y

is smaller than be/bh, and X satisfies the condition in
Eq. (9a), e* equals êð0Þ and increases with Y (see Eq. (8)).
For larger values of Y, the optimal resource-enhancement
effort level equals ê (see Eq. (7a)) which is independent of Y.

With respect to the optimal extermination level, h*, we
see from Eq. (9a) that the range where h*40 increases
when zh increases, i.e. with increasing value of the
population, w, efficiency of extermination, fh/ch, or the
effect of the alien species, Y. zh has a peak at an
intermediate value of environmental fluctuation s2x. When
both extermination and resource-enhancement effort are
positive, h* equals ĥ (cf. Eq. (7b)), which increases in Y,
and in the ratio of efficiencies of extermination to that of
resource-enhancement bh=be ¼ ðf h=chÞ=ðf e=ceÞ. The opti-
mal extermination effort has a peak at an intermediate
value of the efficiency of the effort fh and environmental
fluctuation s2x.

4. Optimal efforts of resource-enhancement and

extermination: numerical analysis

From the analytical results above, we can conclude that
the optimal resource-enhancement and extermination
levels depend on X, Y, w, s2x, fe, fh, ce, and ch. We will
now explore these dependencies numerically.

4.1. Relationship between total cost and effort levels

Fig. 3a shows the parameter ranges in which resource-
enhancement effort and extermination effort are positive or
zero for a situation where Ybh41. The horizontal axis
indicates the cost per unit resource-enhancement effort ce,
and the vertical axis is the difference between the expected
log-density of the focal species just before reproduction
and the extinction threshold, X. Note that, for the chosen
parameter values, the situation with ceo0:625 implies
Ybh4be, and hence this part corresponds to region D.
When ce40:754, beo1 holds, which corresponds to region
B. In-between these two lies region C. The boundaries are
indicated by broken lines in Fig. 3a. The white part of the
figure depicts the ‘hopeless zone’, where both resource-
enhancement effort and extermination efforts are zero in
the optimal strategy because it would cost too much to save
the population.
Fig. 3b shows the relation between the optimal effort levels

and the density of focal species, X, for the case that ce ¼ 0:75.
The parameter combinations in Fig. 3b lie in region C. The
area with low values of X corresponds to the hopeless zone
(e* ¼ h* ¼ 0). We see that the optimal resource-enhancement
effort (solid line) decreases with X. As long as e*40, h* does
not change with X (see also Eq. (7b)). e* ¼ 0 when
XXðf h=chÞ=ðf e=ceÞ þ ze. Note that the boundary for e*40
depends on fh/ch implying that whether resource-enhance-
ment effort should be adopted depends on the parameter of
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Fig. 4. Contour plots of total cost F. The vertical axis and horizontal axis

indicate the extermination effort level and resource-enhancement effort

level respectively. A darker shade indicates a higher total cost. Parameter

values: X ¼ 1, ce ¼ 0:7 in (a), X ¼ 1, ce ¼ 0:5 in (b), X ¼ 1, ce ¼ 1:0 in (c),

X ¼ 3, ce ¼ 1:0 in (d), X ¼ �1, ce ¼ 0:72 in (e), and X ¼ �1, ce ¼ 0:7 in

(f). The other parameters are the same as in Fig. 3.
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extermination efficiency. In contrast when e* ¼ 0, h* is no
longer constant, but h* decreases with X.

Fig. 4 shows the contour plots of total cost F as a
function e and h, for specific points in Fig. 3a. The
horizontal axis denotes the resource-enhancement effort
and the vertical axis denotes the extermination effort. A
darker shade indicates high total cost and black circle
shows the global minimum of total cost.

Fig. 4a shows the situation with X ¼ 1 and ce ¼ 0:7,
which lies in region C. For this parameter combination, the
total cost is minimized when both effort levels of resource-
enhancement effort and extermination effort are positive,
because the global minimum of F lies in the positive
quadrant.

Fig. 4b shows the situation with X ¼ 1 and ce ¼ 0:5,
which lies in region D. In this case the total cost has a
minimum in e*40 but increases monotonically with
extermination effort. Hence the optimal resource-enhance-
ment effort is positive, but the optimal extermination effort
is zero.
In Fig. 4c, X ¼ 1 and ce ¼ 1 and we are in region B.

Here, the total cost has a minimum in h*40 but increases
monotonically with the resource-enhancement effort.
Hence extermination effort is positive but resource-
enhancement effort is zero at this optimum.
In Fig. 4d, X ¼ 3 and ce ¼ 1, a point in region B in the

light grey area of Fig. 3a. Here, total cost increases
monotonically with resource-enhancement and with ex-
termination effort. Hence optimal resource-enhancement
and extermination efforts are both zero.
Fig. 4e shows the case where X ¼ �1 and ce ¼ 0:72,

which lies in the ‘hopeless zone’ of region C. There is the
local minimum at a combination of efforts e40 or h40
(shown by a white circle), but the total cost attains its
global minimum at (e, h) ¼ (0, 0).
Fig. 4f shows the case where X ¼ �1 and ce ¼ 0:7. The

total cost at a local minimum at a combination of efforts
e40 or h40 (shown by a black circle) is smaller than the
total at (e, h) ¼ (0, 0).

4.2. Parameter dependence of the optimal effort levels

We now examine the parameter dependence of the
optimal strategy. Fig. 5 illustrates the optimal resource-
enhancement effort e* (solid line) and the optimal
extermination effort (broken line) as functions of para-
meters Y, w, s2x, fe, fh, ce, and ch. In this section we briefly
discuss the parameter dependences. A more detailed
discussion including what regions in Fig. 2 is shown in
Fig. 5 is given in Appendix C.
(a)
 Effect of the alien species Y:
The survivorship of focal species decreases with effect
of the alien species Y. When Y is small, the survivorship
of the native population should be improved by
increasing the resource-enhancement effort e, because
the extermination effort h does not have much
effect. When Y is large, the optimal extermination
effort h* improves the survivorship until the density
of the alien population becomes small. Hence h*
increases with Y. For large Y, the optimal resource-
enhancement effort e* is independent of Y. In
this region e does not have much effect, because
extinction risk is mainly determined by the density of
the alien species.
(b)
 Economic value of the population w:
Either e* or h* increases with w. When the density of
the alien population becomes small, h does not decrease
the extinction probability. Hence in this case h*
becomes constant for large values of w.
(c)
 Variance of the environmental noise s2x:
Both e and h attain their optima at an intermediate
value of s2x. When s2x is very large, extinction risk is
mainly determined by the environment, so neither e nor
h decrease the extinction probability effectively.
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Fig. 5. The optimal resource-enhancement effort (solid lines), and the

optimal extermination effort level (broken lines). The horizontal axis

indicates (a) Y, (b) w, (c) s2x, (d) fe, (e) fh, (f) ce, and (g) ch. Parameter

values: w ¼ 10 (only in (d) w ¼ 7), X ¼ 3:5, Y ¼ 2, ce ¼ 0:5. The other

parameter values are the same as in Fig. 3.
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(d)
 Effectiveness of resource-enhancement effort fe:
h* decreases with fe. When e improves the survivorship
of the native population effectively, we should increase
e* and decrease h*.
(e)
Fig. 6. Dependence of the optimal resource-enhancement effort and
Effectiveness of extermination effort fh:
e* decreases with fh. When h decreases the density of
the alien population more effectively, we should
increase h* and decrease e*. However since increases
in h do not have much effect once the density of the
alien species becomes low, at that point investment in e

may be needed.

extermination effort on uncertainty of influence of the alien population.
(f)

The solid line indicates the optimal resource-enhancement effort, and the

dashed line the optimal extermination effort level. Parameter values:

w ¼ 8, X ¼ 3:5, f e ¼ 1:5, ce ¼ 0:5, M0 ¼ 1, m ¼ 3, ae ¼ 0:5, ch ¼ 0:5 in (a)

and ch ¼ 1:5 in (b). The other parameter values are the same as in Fig. 3.
Cost of unit resource-enhancement effort ce:
When we need much cost to invest in e, e* is small.
Hence as ce increases, h* replaces e* to keep the
extinction probability low.
(g)
 Cost of unit extermination effort ch:
When it costs much to exterminate the alien popula-
tion, h* is small. Hence when ch increases, we should
enhance the resource availability of the native popula-
tion instead of extermination.
5. Uncertainty concerning the impact of the alien species

So far, we have assumed that the magnitude of the
influence of the alien species, k, is fixed and known. In
general, however, an accurate knowledge is not available.
In this section we examine the optimal efforts for situations
where k is a random variable.
Specifically we assume that the probability distribution

of k is a uniform distribution with mean m and variance s2k,
and that k and x are independent. Note that, for harmful
alien species, k should be positive. We restricted the values
of s2k is less than m/3 so that k is not negative.
Fig. 6 illustrates how the optimal levels of resource-

enhancement effort (solid line) and extermination effort
(broken line) change with s2k. Fig. 6a shows that the
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optimal extermination effort increases with s2k, whereas the
optimal resource-enhancement effort decreases with s2k.
For large s2k, investing in extermination effort is important,
because it diminishes the effect of large k-values, which
may drive the focal population to extinction. Fig. 6b shows
the situation for large costs of extermination: here ch ¼ 1:5;
whereas ch ¼ 0:5 in Fig. 6a. In this case the optimal effort
of extermination is zero, and the optimal effort of resource-
enhancement increases with s2k. Now, we should invest
more effort in resource-enhancement when the influence of
the alien species is highly uncertain, because the extinction
probability becomes high. Decreasing the efficiency of
extermination has the same effect as increasing its costs
(results not shown).

These results show that we should invest more effort in
extermination of alien species than in providing resources
for the focal species when the uncertainty of the influence
of an alien species is large, as long as the optimal strategy is
to invest in both. If, however, the optimal extermination
effort becomes zero due to large costs and/or low
efficiency, we should increase the resource-enhancement
effort, to cope with increasing uncertainty of the influence
of an alien species.

6. Discussion

We studied the choice of effort of providing food and
shelter (resource-enhancement effort) and the effort of
suppressing an alien species (extermination effort) to
increase survivorship of a focal species in fluctuating
environments. The optimal levels of these efforts minimize
the total cost defined as the weighted sum of extinction
probability and economic costs.

We found that, when both efforts are positive,
the optimal resource-enhancement effort depends on the
economic value of the population and the density of
the focal population, but is independent of the density of
the alien population (cf. Eqs. (7a) and (7b)). In the same
situation the optimal extermination effort, on the contrary,
depends neither on the value of the population nor on the
density of the focal population. This result implies that if,
due to some unexpected event, the density of the focal
species decreases, we should increase only resource-
enhancement effort but should keep the extermination
level unchanged. In contrast, if for some reason the density
of the alien species increases, we should increase the
extermination effort, but keep resource-enhancement effort
constant.

Concerning whether each of these two kinds of efforts is
positive or zero, we have the following conclusion: From
Eqs. (7a) and (7b) we see that both the resource-
enhancement and extermination effort are positive when
be=bh ¼ f ech=f hce is neither too small nor too large. If one
type of the efforts has a very low cost or high effectiveness
compared to the other, we should invest only in that type.

Necessary conditions for positive resource-enhancement
and extermination efforts are given in Eq. (9a). For low
values of the focal population density, the population is
‘‘doomed’’ and investing in any effort to save the
population is not feasible. The upper boundaries for this
‘hopeless zone’ are given in Eqs. (10a) and (10b).
Our numerical analysis further indicates (cf. Fig. 5) that

the optimal effort level of resource-enhancement e*
increases with the value of the population (w), the effect
of the alien species (Y), and the cost of extermination (ch).
Whereas the increase of e* with w is monotone, the increase
with Y and ch stops at some point, after which the optimal
resource-enhancement level e* is constant. The optimal
resource-enhancement effort decreases with efficiency of
extermination (fh) and the cost of resource-enhancement
(ce). The dependency of e* on environmental variance (s2x)
and on the efficiency of resource-enhancement (fe), how-
ever, is not monotonic: e* attains the maximum at
intermediate levels of these parameters. The optimal
extermination level h* increases with Y, w, and ce. For
the latter two parameters (w and ce), h* becomes constant
after a certain point. h* decreases with fe and ch. It initially
increases with s2x and fh, but shows a slow decline at large
values of these parameters.
Next we examined the case in which the magnitude of the

impact of the alien species is uncertain. In most situations
this parameter is likely to be unknown. Our results show
that the ratio of optimal extermination effort to optimal
resource-enhancement effort (h*/e*) increases with uncer-
tainty of the influence of the alien species, as long as
extermination effort is positive (h*40). This can be
explained by the fact that the harmful effect of the
uncertainty in the impact of the alien species can be
eliminated effectively by an increased extermination effort.
The initial density of an alien population just after invasion
is often small, but if its impact is unknown, the extermina-
tion effort may be more desirable than effort of resource-
enhancement.
In previous papers (Yokomizo et al., 2003a, 2004), we

analysed the optimal resource-enhancement effort over
multiple years, which minimizes the weighted sum of
extinction probability of a focal population and the
economic cost of conservation practice. When the
conservation period is longer than a single year,
resource-enhancement effort in a given year not only
reduces the extinction probability in that year, but
also contributes to an increase in the density of
the focal population afterwards. In the current paper
we focus on the problem of a single year only. If we
consider the management over a longer period, investing in
more extermination effort in the first year can also
reduce the density of the alien species in later years. In
cases where we can exterminate the alien population
completely, we do not need to invest extermination
effort in the future. It may be important to exterminate
an alien population in the initial stage, right after its
invasion. If the alien species is a predator of a native
species, its population may increase in the following
years in response to a prey increase due to the



ARTICLE IN PRESS
H. Yokomizo et al. / Journal of Theoretical Biology 244 (2007) 46–5854
resource-enhancement effort. Sinclair et al. (1998) point
out that the nature of predation may play a crucial role in
the dynamics. Thus, considering multiple-year optimiza-
tion of resource-enhancement and extermination effort
levels will give us a useful insight into the conservation
management of focal species jeopardized by alien species.
This is an important subject of future theoretical research.

In this study, we did not consider uncertainty in the
population size of the native and alien populations. In
Yokomizo et al. (2003b, 2004), we considered situations
where the size of the native population is not accurately
known, and we calculated the optimal monitoring effort,
which improves the accuracy of such information. In
practice, we often do not have perfect information on the
densities of the focal or alien populations, and having more
accurate knowledge about the densities of both popula-
tions is important for the success of conservation. Thus,
another important generalization of the current simple
model is to include monitoring effort.

In this paper we assumed that value of the population w

has been determined. We can determine this value in
several ways (a more detailed explanation is in Yokomizo
et al., 2004). One potential method is to determine w based
on past conservation policy made by society. An alter-
native method is to calculate the economic value of the
population directly using a contingent valuation method
(Jakobsson and Dragun, 2001).

There are several other possible extensions of our model.
Sabo (2005) showed that fluctuation of predator popula-
tions can strongly affect viability of the native population.
Our model could be generalized to include such effects. We
also did not consider any time delays for resource
enhancement effort to take effect and situations in which
an alien species decreases the survivorship of native
population before the extermination effort. Our study
should be considered as a first step towards a general
theoretical study on the optimal management strategies for
saving focal populations in the presence of other species.
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Appendix A. Derivation of optimal resource-enhancement

and extermination effort levels and the condition where

optimal effort levels are positive.

From Eqs. (6a) and (6b), we can derive that

when bep1;
qF

qe
X0 8e; 8hX0,

when Ybhp1;
qF

qh
X0 8e; 8hX0 ðA:1Þ
and when be41 and Ybh41, F has two extrema, at ð~e; ĥÞ
and ðê; ĥÞ, with

~e ¼
1

f e

ð�X þ f ech=f hce � zeÞ, (A.2a)

ê ¼
1

f e

ð�X þ f ech=f hce þ zeÞ, (A.2b)

ĥ ¼
1

f h

log½Ybh=be�. (A.2c)

In Appendix B it is shown that the extremum at ðê; ĥÞ is a
minimum.
We are looking for the minimum of F, under the

constraints eX0 and hX0. We will denote this constrained
minimum by (e*, h*). A necessary condition for the
constrained minimum to be internal is that ðê; ĥÞ exists
and lies within the considered quadrant of the (e, h) plane.
From Eq. (A.2) we can derive:

ê40 ^ ĥ40 if and only if ;

be41; Ybh41; Ybh4be; Xof ech=f hce þ ze:

(A.3)

In all other cases, either e* ¼ 0 or h* ¼ 0. To examine
this further, we first note that on the basis of the previous
results, it is convenient to distinguish the following
situations (see Fig. 2 in the main text):

A : bep1 and Ybhp1,

B : bep1 and Ybh41,

C : be41 and Ybh41 and Ybh4be,

D : be41 and Ybh41 and Ybhpbe,

E : be41 and Ybhp1. ðA:4Þ

We now consider these different sets. First note that
from Eq. (A.1) we can conclude that in region A
e* ¼ h* ¼ 0. Further it follows from these equations that
in region B, e* ¼ 0. From Eq. (6b), it can be derived that

qF

qh

				
e¼0

40 if ðYe�f hh � X Þ2 þ 2s2xðf hh� log YbhÞ40.

(A.5)

Let g1ðhÞ ¼ ðYe�f hh � X Þ2 and g2ðhÞ ¼ 2s2xðf hh�

log YbhÞ. It is easy to see that g2(h) increases in h, and
furthermore

g01ðhÞ40 if h4
1

f h

log
Y

X
. (A.6)

Thus, g1(h) increases for all hX0 if X4Y. Otherwise this
function has a minimum in hmin ¼ ð1=f hÞ log ðY=X Þ, with
value g1ðhminÞ ¼ 0. Furthermore note that

g1ð0Þ þ g2ð0Þo0 if Y � zhoXoY þ zh,

X0 otherwise: ðA:7Þ
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We can conclude that

if XXY þ zh:

g1ðhÞ þ g2ðhÞX0 8 hX0) F ð0; hÞ increases in h. ðA:8aÞ

if YpXoY þ zh:

g1ð0Þ þ g2ð0Þo0; g01ðhÞ þ g02ðhÞ40

) F ð0; hÞ has a maximum at ĥð0Þ40. ðA:8bÞ

Note: We use the notation ĥð0Þ to denote the place where
F(0, h) has its minimum. We will not derive an explicit
expression for this value.

if Y � zhoXoY : hX0

g1ð0Þ þ g2ð0Þo0; g1ðhÞ þ g2ðhÞ has a minimum at some hX0

with a value less than 0; and increases for h� value:

) F 0ð0; hÞ changes from negative to positive at a value of h40

) F ð0; hÞ has a minimum at ĥð0Þ40 ðA:9aÞ

if XpY � zh:

g1ð0Þ þ g2ð0ÞX0; g1ðhÞ þ g2ðhÞ has a minimum

with value 2s2x log
Y

X
� log Ybh


 �
. ðA:9bÞ

In the latter case, depending on the combination of
parameter values, there are two possibilities:

if
1

bh

oXoY � zh:

F ð0; hÞ has a maximum at ~hð0Þ40 and a minimum at ĥð0Þ40.

ðA:10aÞ

if Xp
1

bh

pY � zh or XpY � zho
1

bh

:

F ð0; hÞ increases in h. ðA:10bÞ

We can conclude that in region B: e* ¼ 0, and

XXY þ zh ) h� ¼ 0,

Y � zhoXoY þ zh ) h�40. ðA:11Þ

When XpY � zh, h* is determined by comparing the
values of F(0, 0) and F ð0; ĥð0ÞÞ. When F(0, 0) is the
smallest, h* ¼ 0, otherwise it equals ĥð0Þ.

We now turn to region E. From Eq. (A.1) it follows
that in this region h* ¼ 0. From Eq. (6a) we can derive
that

qF

qe

				
h¼0

o0 for ~eð0Þoeoêð0Þ,

X0 otherwise, ðA:12Þ

where ~eð0Þ ¼ ðY � X � zeÞ=f e and êð0Þ ¼ ðY � X þ zeÞ=f e.
Thus, F(e, 0) has a maximum in ~eð0Þ and a minimum in
êð0Þ. From Eq. (A.12) we can conclude

if Y � zeoXoY þ ze; ~eð0Þo0 ^ êð0Þ40

) e� ¼ êð0Þ40, ðA:13aÞ

if XXY þ ze; ~eð0Þo0 ^ êð0Þp0

) e� ¼ 0, ðA:13bÞ

if XpY � ze; ~eð0ÞX0 ^ êð0Þ40. (A.13c)

In the last case, e* can be 0 or positive, depending on
which value is the largest: F(0, 0) or F ðêð0Þ; 0Þ.

We now turn to region D. In this region ðê; ĥÞ exists.
However, note that in this region e* and h* cannot both be
positive, since that can only happen when this extremum
lies in the positive quadrant and, as we can see from
Eq. (A.2c) ĥo0 in this region. Thus, at least one of the
optimal efforts must be zero. Furthermore, from Eq. (6b)
we can derive that

qF

qh

				
e¼0

¼ 0 when Fð�X þ Ye�f hhÞ ¼
ch

f hYwe�f hhð0Þ
.

(A.14)

Substituting this in the other partial derivative Eq. (6a)
we find

qF

qe

				
e¼0

¼ �
f ech

f hYe�f hh
þ ce (A.15)

and from this it can be derived that

qF

qe

				
e¼0

40 if Ybhe
�f hh4be. (A.16)

Thus, since Ybhpbe, F(e, h) decreases in e at the point
e ¼ 0 for all hX0. This implies that the combination
e* ¼ 0, h*40 cannot occur in region D. The only
remaining possibilities are e* ¼ 0 and h* ¼ 0 or e*40
and h* ¼ 0. Thus we only have to look at F(e, 0). As a
consequence, the conclusions for this region are the same
as for region E.
Finally we consider region C. From Eq. (A.3) we see that

this is the only region where ê and ĥ can both be positive.
Thus, here we may have situations where both e* and h*
are larger than zero. Furthermore, from Eqs. (6b) and (8)
we can derive

qF

qh

				
e¼êð0Þ;h¼0

¼ �wFð�zeÞYf h þ ch (A.17)

and it can straightforwardly be shown that this is negative
when Ybh4be. Therefore, in region C the combination
e*40 and h* ¼ 0 cannot occur. The only three possibilities
are e* ¼ 0 and h* ¼ 0, e* ¼ 0 and h*40, or both e* and h*
positive. Furthermore, note that in this region

f ech

f hce

þ zeoY þ zh. (A.18)
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From Eq. (7a) we see that, when ðf ech=f hceÞ þ zepX ,
ðê; ĥÞ does not lie in the positive quadrant. Hence e* and h*
cannot both be positive in this situation. The remaining
possibility is that e* ¼ 0, whereas h* can be larger than or
equal to zero. This can be determined by considering
F(0, h). From Eq. (A.8a) it therefore follows that

if XXY þ zh; e� ¼ 0; h� ¼ 0 (A.19)

and from Eqs. (A.8b) and (A.9a):

f ech

f hce

þ zepXoY þ zh; e� ¼ 0; h� ¼ ĥð0Þ40. (A.20)

Further, from Eqs. (A.2a) and (A.2b) we see that

when
f ech

f hce

� zeoXo
f ech

f hce

þ ze; ~eo0 ^ êð0Þ40

) e� ¼ ê40; h� ¼ ĥ40. ðA:21Þ

When Xpf ech=f hce � ze, we have to determine the
values of e* and h* by comparing F(0, 0), F ð0; ĥð0ÞÞ, and
F ðê; ĥÞ.

Appendix B. Proof that a local minimum exists at ê and ĥ

First, we check that the optimal resource-enhancement
effort in Eq. (A.2b) extermination effort in Eq. (A.2c) are
local minimum using Hessian matrix. The Hessian matrix
H of F(e, h) is defined as

H ¼

q2F
qe2

q2F
qe qh

q2F
qe qh

q2F
qh2

0
@

1
A.

We must show the following two inequalities to prove
the both optimal efforts minimize the total cost:

ðIÞ
q2F

qe2
q2F

qh2
�

q2F

qe qh


 �2

40, (B.1)

ðIIÞ
q2F
qe2
þ

q2F

qh2
40. (B.2)

q2F

qe2
q2F

qh2
�

q2F

qe qh


 �2

¼
wf hf 2

e

s2x
ðFð�X � f ee

þ Y exp½�f hh�ÞÞ2ðX þ f ee� Y exp½�f hh�Þ.

q2F

qe2
þ

q2F

qh2
¼ wFð�X � f eeþ Y exp½�f hh�Þ

�
ðX þ f ee� Y exp½�f hh�Þ

s2x
f 2

e

þwY exp½�f hh�f 2
hFð�X � f eeþ Y exp½�f hh�Þ

�
ðX þ f ee� Y exp½�f hh�Þ

s2x
Y exp½�f hh�

 !
þ 1

( )
.

Since X þ f ee� Y exp½�f hh� ¼ ze40 at e ¼ ê and
h ¼ ĥ, Eqs. (B.1) and (B.2) are satisfied. We can conclude
that the point ðê; ĥÞ corresponds to a local minimum.
In addition, an extremum ð~e; ĥÞ corresponds to a local
maximum because ðq2F=qe2Þðq2F=qh2

Þ � ðq2F=qe qhÞ2o0
in which X þ f ee� Y exp½�f hh� ¼ �zeo0 at e ¼ ~e and
h ¼ ĥ.

Appendix C

C.1. Effect of the alien species Y

Fig. 5a illustrates how the optimal effort levels depend
on the decrease in the log-density of the focal species due to
the alien species. We chose the parameter set such that
be41. Thus, when Y is smaller than be/bh, we are in regions
D or E. In this case, Y � zeoXoY þ ze holds, and e*40
and h* ¼ 0. When Y is small, the optimal resource-
enhancement effort level êð0Þ is proportional to Y. When
Y is larger than be/bh, we reach region C. For the chosen
parameter set, f ech=f hce � zeoXof ech=f hce þ ze. Hence
both e* and h* are positive. As long as h*40, e* is
independent of Y. When Y is large, h* is much larger than
e* (values not shown in the figure).

C.2. Value of the population w

Fig. 5b illustrates the relation between the optimal effort
levels and the (economic) value of the population. We
chose the parameter set such that beoYbh at any w. Hence,
we are in region A, B or C depending on w. If w is small so
that beoYbhp1, we are in region A and no investment in e

or h should be made. When Ybh41 and bep1, h* increases
with w, but e* is zero, because Y � zhoXoY þ zh holds.
When w increases, then we reach the situation where be41,
and e* becomes positive, because f ech=f hce � zeo
Xof ech=f hce þ ze. From that point onwards, h* is
constant, and independent of the value of the population
(see Eq. (7b)).
Note that if Ybhpbe, h* is zero for any value of w. In

that case, we are in regions E or D. e* is given by Eq. (8)
and increases with w.

C.3. Variance of the environmental noise s2x

Fig. 5c illustrates the dependence of the optimal effort
levels on the variance of the environmental noise. Here,
since we chose the parameter set such that Ybh4be, results
for regions B and C hold. ze and zh attain their maxima at
an intermediate value of s2x. When s2x is small, we are in
region C and Y þ zhpX is satisfied and both optimal
efforts are zero. At larger values of s2x, we reach the
situation where f ech=f hce þ zepXoY þ zh, and h* be-
comes positive. As s2x increases further, f ech=f hce þ ze

becomes larger than X, and the e*40 and h*40. However,
at large values of s2x, be becomes less than one. This brings
us back to the situation where h*40 and e* ¼ 0. Thus, e*
has a peak at an intermediate level of s2x. As long as e*40,
h* is independent of s2x (see Eq. (7b)).
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In summary, when the environmental variance is very
small, the population is relatively safe. Hence we do not
need to invest much in e or in h. In contrast when the
environmental variance is very large, e does not affect
extinction probability effectively. This is why e* has a
maximum at a moderately large variance of the environ-
mental noise. This finding was reported also by Yokomizo
et al. (2003a, b, 2004), who studied a situation without
species interaction. On the other hand, h* is not affected
very strongly by s2x. At very high values, it starts to
decrease slowly.

C.4. Effectiveness of resource-enhancement effort fe

Fig. 5d illustrates the relation between the optimal effort
levels and the effectiveness of e. Because we chose the
parameter set such that Ybh41, results for regions B–D
hold. When fe is small, beo1 holds, and Y � zhoXoY þ

zh satisfied. Hence (see results for region B, Fig. 2) h*40,
but e* ¼ 0. As long as e* ¼ 0, h* is independent of fe.
When fe increases, we reach the situation where be41 and
Ybh4be, and we enter region C. In the considered case,
f ech=f hce � zeoXof ech=f hce þ ze is also satisfied. Hence
e* and h* are positive. From Eq. (7b) we see that h*
decreases with fe.

At larger values of fe, Ybhpbe holds, and we reach
region D. In region D, h* ¼ 0. Since Y � zeoXoY þ ze is
satisfied, e*40 at very large values of fe. e* has a peak at
an intermediate level of fe. This result shows that, when e is
not effective, e is replaced by h.

C.5. Effectiveness of extermination effort fh

Fig. 5e shows how the optimal effort levels depend on
the effectiveness of h. Here since we chose the parameter set
satisfying be41, results for regions C–E hold. When fh is so
small that Ybhpbe, we are in regions D or E, and h* ¼ 0.
In this case, Y � zeoXoY þ ze is satisfied. Hence e*40.
This implies that, if we cannot exterminate the alien species
efficiently, we should invest in e. When fh is so large that
Ybh4be, we are in region C. Since f ech=f hce � zeo
Xof ech=f hce þ ze, e*40 and h*40. When h becomes
more effective, h* initially increases but then gradually
decreases with fh for a very large fh.

C.6. Cost of unit resource-enhancement effort ce

The dependence of the optimal effort levels on cost of
unit resource-enhancement effort is shown in Fig. 5f. Here
because we chose the parameter set such that Ybh41,
results for regions B–D holds. When ce is small, Ybhpbe

and Y � zeoXoY þ ze are satisfied. Hence only e* should
be positive (cf. results for region D, see Fig. 2). be and ze

are both decreasing functions of ce. When ce increases,
Ybh4be is satisfied and we reach region C. Initially,
f ech=f hce � zeoXof ech=f hce þ ze is satisfied. Then e* and
h* are both positive. When ce becomes very large, bep1,
and only e* is positive. Thus, if it costs much to improve
the survivorship of the focal species by e, we should
mitigate extinction risk by exterminating the alien species.

C.7. Cost of unit extermination effort ch

Fig. 5g indicates the dependence of the optimal effort
levels on the cost of unit extermination effort. Since we
chose the parameter set such that be41, results for regions
C and D hold. When ch is small, Ybh4be and f ech=f hce �

zeoXof ech=f hce þ ze are satisfied. Then both of e* and h*
are positive. In this case e* increases with ch. When ch

increases further, however, we reach the situation where
Ybhpbe, and Y � zeoXoY þ ze, and only e* is positive.
From that moment on, e* becomes independent of ch.
Thus, if extermination involves large costs (ch is large),

h* is replaced by e*, i.e. if h involves large costs, we should
instead improve the survivorship of the focal population by
enhancing their resource availability.
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