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Abstract. A stochastic metapopulation model accounting for habitat dynamics is presented.
This is the stochastic SIS logistic model with the novel aspect that it incorporates varying
carrying capacity. We present results of Kurtz and Barbour, that provide deterministic and
diffusion approximations for a wide class of stochastic models, in a form that most easily
allows their direct application to population models. These results are used to show that
a suitably scaled version of the metapopulation model converges, uniformly in probabil-
ity over finite time intervals, to a deterministic model previously studied in the ecological
literature. Additionally, they allow us to establish a bivariate normal approximation to the
quasi-stationary distribution of the process. This allows us to consider the effects of hab-
itat dynamics on metapopulation modelling through a comparison with the stochastic SIS
logistic model and provides an effective means for modelling metapopulations inhabiting
dynamic landscapes.

1. Introduction

Understanding the dynamics of populations that inhabit patchy environments is a
pivotal problem in ecology. Mathematical modelling of populations has for many
years focussed on single unstructured populations. Over the past 20 years there has
been growing attention given to the dynamics of populations that occupy isolated
patches of habitat. This area is known as metapopulation ecology (see Hanski and
Gaggiotti [10]). Whilst many populations exist in patchy environments due to the
natural dispersal of their required/preferred landscape, for example those inhabiting
lakes, individual hosts or fallen logs, many species that existed as a single group
must now exist in a patchy and changing environment due to the destruction of
natural habitat. The alarming rate of destruction has resulted in a rapid increase in
the number of metapopulations and, as a consequence, increased importance has
been placed on understanding the dynamics of such populations.

Classical metapopulation ecology assumes a constant number of patches. How-
ever, in many cases the number of suitable patches changes as a result of patches
being ephemeral or because they become temporarily unsuitable. A number of au-
thors in the ecological literature have recognised a limitation of the aforementioned
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models: that all patches are assumed to be suitable for occupancy. These include
Hess [12], Brachet et al. [6], Johnson [13], Keymer et al. [14], Amarasekare and
Possingham [1], Ellner and Fussmann [9], and Hastings [11].

In addition to the assumption of a constant number of patches, a further sim-
plification of existing models is the absence of stochasticity in the population and
patch dynamics. While deterministic models of population dynamics provide much
insight to population size (and the influence of model parameters on population
size), the incorporation of stochasticity provides additional realism and conse-
quently additional information of interest to modellers. Also, the study of the prob-
ability of extinction and expected time to extinction can only be undertaken in a
stochastic framework. However, the analysis of stochastic models is more diffi-
cult than their deterministic analogues and precise, explicit expressions for quan-
tities of interest are often unattainable. A common approach for obtaining explicit
expressions for quantities of interest, while still incorporating stochasticity, is to
approximate the original stochastic process with a diffusion process. However, the
term “diffusion approximation” is used in some of the ecology literature without
specifically identifying any approximation procedure. Practitioners should use such
approximations with care, as the assumptions of the model might not always be
satisfied in any given situation. We present results that identify diffusion approxi-
mations for a wide class of processes through an explicitly defined approximation
procedure.

In this paper we consider a metapopulation model that incorporates habitat
dynamics. This is the stochastic SIS logistic model with varying carrying capacity.
As is common for stochastic population models, the derivation of precise, explicit
expressions for quantities of interest is not possible. We obtain explicit expressions
for quantities of interest through the use of a diffusion approximation. This is made
possible by implementing results of Kurtz [15,16] and Barbour [2-5]. We present
their results in a form that most easily allows their direct application to population
models. In particular, we examine diffusion models in the context in which they
most naturally arise: as approximations to discrete-state Markovian models, which
themselves are often more appropriate in describing the behaviour of the population
in question, yet are difficult to analyse from both an analytical and a computational
point of view. The results of Kurtz and Barbour allows us to immediately identify
the most appropriate approximating diffusion, through an explicitly defined limit-
ing procedure, and to decide whether a diffusion model is appropriate for describing
the population in question.

A suitably scaled version of our metapopulation model is shown to converge
uniformly in probability, over finite time intervals, to a deterministic model studied
previously by Hess [12] and Johnson [13]. This result provides credence to the
model studied by Hess and Johnson, since it identifies it as the appropriate approxi-
mating model and provides conditions under which the approximation is acceptable.
Additionally, by drawing on the work of Kurtz and Barbour, we demonstrate that
by removing the trend in the process given by the deterministic approximation just
described, and with appropriate scaling, an Ornstein-Uhlenbeck (OU) approxima-
tion around a stable fixed point of the deterministic model may be established.
The OU process is a stationary, Gaussian and Markovian diffusion process that
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experiences drift towards the origin, or in our case towards the fixed point of the
approximating deterministic model, proportional to its displacement. It provides
explicit expressions for quantities of interest, such as the mean and variance of
our metapopulation at any time in its evolution. Additionally, it establishes that
the state-probabilities have an approximate normal distribution, that is, we estab-
lish a normal approximation to the quasi-stationary distribution. This allows one to
assess variation about the deterministic equilibrium and provides a framework for
statistical inference.

Our model is presented in Section 2. In Section 3 we recall the definition of
density dependence (in the mathematical sense) and present functional limit laws
of Kurtz and Barbour in a form appropriate for studying the metapopulation model,
and population models in general. These are used in Section 4 to derive the deter-
ministic approximation and our bivariate normal approximation. Finally, in Section
5, we present some numerical results and compare our model with the basic model
that assumes no variation in habitat suitability.

2. The Model

Our model is a two-dimensional continuous-time Markov chain defined as follows.
Denoting by m(¢) and n(t), respectively, the number of suitable patches and the
number of occupied patches at time ¢, {p(¢) = (m(t), n(t)), t > 0} is assumed to
be a Markov chain taking values in § = {(m, n) : 0 < n < m < M} with non-zero
transition rates

q((m,n), (m+1,n)) =r(M —m), (D
q((m,n), (m —1,n)) = s(m — n), @)
qg((m,n),(m —1,n—1)) = sn, 3)
g(m.n). (m.n + 1) = c=- (m =), )
qg((m,n), (m,n — 1)) = en. (®)]

The total number of patches in the metapopulation network (or the maximum car-
rying capacity) is denoted by M. These rates correspond to: an increase by one in
the number of suitable patches due to patch recovery (1), a decrease by one in the
number of suitable patches due to landscape dynamics, such as succession, that
affects the population inhabiting the patch if occupied ((2) and (3)), an increase by
one in the number of occupied patches due to colonisation (4), and, a decrease by
one in the number of occupied patches due to local population extinction (5). The
parameters r, s, ¢ and e are, respectively, the per patch rate of recovery, the per
patch rate of disturbance, the colonisation rate, and, the local population extinction
rate.
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We are modelling a metapopulation inhabiting a dynamic landscape in which
each patch is disturbed independently at rate s. As habitat is naturally dynamic, this
model could be applied to all metapopulations. The model would also be appropri-
ate for metapopulations in successional landscapes where succession is not related
to the age of the patch. Thomas and Hanski (Chapter 20 of [10]) provide exam-
ples of many species of butterfly that exhibit the kind of behaviour we seek to
describe using this model. The model does not account for refuge patches, that is,
patches immune to disturbances. Nor does it account for explicit spatial structure
or differing patch sizes. Consequently, it does allow us to model a single group
of individuals, analogous to the way in which the logistic model is used both for
metapopulation and single population modelling. Indeed, the model presented may
be used in place of the stochastic SIS logistic model whenever greater flexibility is
needed for studying populations that occupy dynamic landscapes.

3. Mathematical Framework

This section contains the mathematical framework of the paper. I encourage all
mathematically literate modellers to read this section. The results provided may be
applied to a wide class of models, in particular those appropriate for modelling an
array of population processes involving interactions between population or species
types, along with other nonlinearities, and are presented in a form that most easily
allows their direct application to such models.

As required for our metapopulation model we restrict our attention to Markov
chains with a finite state space. Further technical conditions are required when
working with infinite-state processes (see Pollett [19]).

Let {P,, v > 0} be a family of continuous-time Markov chains and suppose
that P, () takes values in S,, a finite subset of ZP, and has transition rates Q, =
(gv(j, k), j,k € S)). The index parameter v is selected for a particular process
by recognising that the approximation is achieved by letting v become large. For
our model we use the maximum carrying capacity of the habitat M as the index
parameter.

Kurtz [15] provides us with the following definition of density dependence.

Definition 3.1. A one-parameter family of Markov chains {P,,v > 0} with state
space S, C ZP is called density dependent if there exists a set E € RP and a
continuous function f : E x ZP — R, such that

k
Clv(k,k-i-l):vf(—,l), [ #0.
v
Remark. Thus, the family of Markov chains is density dependent if the transition

rates of the corresponding “density process” X, (-), defined by

P,(t
X, (t) == ”v(), >0,

depend on the present state k only through the density k/v.
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The above definition provides an obvious way to associate with the process a
density dependent deterministic analogue, namely

d
EX(I) = F(X(@)),
where

Fx)=Y_If(x.]), x€E.
1

Its trajectory is “tracked” by the process when v is large. Note that the transitions
(1) and parameters are not rescaled. The former is due to a notational construct (see
Definition 3.1) while the latter is due to a rescaling in the size of the population,
not in the rate at which transitions occur. More precisely, we have the following
(functional) law of large numbers (Theorem 3.1 of Kurtz [15]) that establishes a
deterministic approximation under the conditions stated.

Theorem 3.2. Suppose that f(x,1) is bounded for each | and that F is Lipschitz
continuous on E. Then, if

lim X, (0) = xo,
V—> 00

we have, for fixed t > 0 and for all € > 0, that

lim Pr (sup | Xy(@) — X(t, x0)| > e) =0,
V—>00

1<t
where X (-, x) is the unique trajectory satisfying

X(@0,x)=ux,

X(t,x) € E, 0<rtr<r,

%X(t,x) = F(X(t, x)). ©6)

Remark. This law of large numbers tells us that the density process converges (uni-
formly in probability) over any finite time interval to the deterministic trajectory
X (¢, x), provided that the density process begins close to the initial value xo of
that trajectory. It will be used in the next section to demonstrate the convergence
of a suitably scaled version of our model to the deterministic model studied by
Hess [12] and Johnson [13].

Our next result, a functional central limit law, provides a diffusion approxima-
tion for the fluctuations of the density process about the deterministic trajectory.
It may be deduced from Theorem 3.2 of Pollett [19], which in turn follows from
Theorems 3.1 and 3.5 of Kurtz [16].
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Theorem 3.3. Suppose that f(x,1) is bounded for each l, that F is Lipschitz con-
tinuous on E and has uniformly continuous first partial derivatives. Suppose also
that G(x), a D x D matrix with elements

gij(x)zzliljf(x»l)s xeE,
/

is bounded and uniformly continuous on E. Then, provided
Jim /v (X,(0) - x0) =z, Q)
the family of processes {Z,(-)}, defined by
Z,) =Vv(Xu() = X(t,x9)), 0=<t=rt,

converges weakly in D[0, t] (the space of right-continuous, left-hand limit func-
tions on [0, t]) to a Gaussian diffusion Z(-), with initial value Z(0) = z and with
characteristic function v = (¢, 0) that satisfies

Ay 1 IF; 3y
50 =—> ;ejgjk(xa, )Y (t, 0) + ;{:eja—xZ(X(z, x))a—@(t, 9).

®)

Remark. (1) It should be noted that the diffusion approximation derived above
describes the fluctuations of the density process caused by demographic sto-
chasticity in the evolution of the process, and not fluctuations due to uncertainty
in the initial state of the process. The initial state is assumed to be known pre-
cisely.

(2) The derivation of equation (8) can be found in [16]. While the equation does
specify the distribution of the diffusion, it can only be evaluated explicitly in
specific cases. However, one can always obtain the mean and covariance of
Z(t), given below, and thus, for large v, an approximate formula for the mean
and covariance of the density process X, (¢).

Using equation (8) we can determine the mean and covariance of Z(¢). These
are given by

ue :=E(Z(@)) = M,z

and

t
Y, 1= Var(Z(1)) = M, (/ M;'G(X (v, x0)) (M;I)T dt> M,

t
M; = exp </ Bvdv)
0

respectively, where
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and
B; = VF(X(t, xq9)).

While we have derived explicit expressions for the time-dependent fluctuations
about the deterministic path, the required integration often leads to formulae that
are too complicated to be of practical use. However, if x¢ is chosen as an equilib-
rium point of the limiting deterministic model defined by equation (6), then the
diffusion approximation can be strengthened by identifying an approximating OU
process. That is, if we now model fluctuations about the equilibrium point of the
deterministic model, instead of the fluctuations about the deterministic trajectory,
we can derive simple explicit formulae for the mean and covariance of our density
process. This is achieved as follows.

Corollary 3.4. If xq satisfies F (xo) = O then, under the conditions of Theorem 3.3,
the family {Z, ()} defined by

Z,(t) = Vv(X,(t) —x0), 0=<t<r,

converges weakly in D[0, t] to an OU process Z(-), with initial value Z(0) = z,
and with local drift matrix B = V F (xo) and local covariance matrix G(xg). In
particular, Z(t) has a normal distribution with mean ; = exp(Bt)z and covari-
ance

t
¥, = exp(Bt) (/ exp(—Bw)G (xo) exp(—BTw)dw> exp(BT1r).
0

We can conclude that, for large v, X, () is approximately normally distributed with
a “working approximation” for the mean given by

E (X, (1)) & xo + exp(Bt)(X,(0) — x¢), €))

obtained by setting z equal fo /v (X,,(0) — x¢), and with covariance matrix given
by

1
Var (X, (1) % ~ %

Remark. For our model the fixed point of interest is asymptotically stable, that is
we have xg asymptotically stable. Results of Barbour [2—5] show us that this is not
a requirement for the above approximations to hold. In fact the OU approxima-
tion is often very accurate in modelling the fluctuations about unstable equilibrium
points and centres. As emphasised by Pollett [19,20], this is particularly important
in situations of quasi-stationarity (see for example [18]).
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4. Diffusion Approximation of the Metapopulation Model

If we take M, the total number of patches in the metapopulation network, as our
index parameter and define the scaled process xpr(r) = {u(?),v(t)} = {m()/
M, n(t)/M}, with components being the fraction of suitable habitat and the frac-
tion of occupied habitat, respectively, then Theorem 3.2 establishes the unique
approximating deterministic model:

d—u:r—(r+s)u (10)
dt
and
d_v =cv(u —v) — (e + s)v. (11)

dt

This is the deterministic model studied by Hess [12] and Johnson [13] and thus
provides credence to their work, since it identifies the model as the appropriate
approximating model and provides conditions under which the approximation is
acceptable. This system has solution

u(t) = # + Ky exp(—=(r + $)0) (12)

and

exp ([ (—=s + cu(r) — e)dr)
[ (cexp (f(—=s +cu(t) — e)dt))dt + K>
where K| and K, are constants of integration determined by initial conditions. The

latter of these equations can be evaluated numerically. However, it can be seen that
the equilibrium fraction of suitable habitat is

v(t) = (13)

r
r+s

and the corresponding equilibrium fraction of occupied habitat is either

u*

* —
Yirivial =0
or
" r e+s
v = - s
r+s c

with the trivial equilibrium losing stability to the nontrivial one when the latter
is positive. Thus, this provides us with a simple condition for persistence of the
species in the deterministic case, namely

r - e+s (14)
r+s c
That is, if condition (14) is satisfied we have a stable positive fixed point, otherwise

we have population extinction. This persistence condition, and model, is intuitively
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appealing for a number of reasons. Firstly, as we will see in the next section, when
disturbance is absent from our model, the fixed points and the persistence condi-
tion collapse to those given by the classical metapopulation model of Levins [17].
This allows us to identify the impact of habitat dynamics on metapopulation patch
suitability and occupancy. Also, we note that the ratio ¢/(e + s) may be viewed
analogously to the basic reproduction ratio R in epidemiology, that is, the expected
number of infections in a completely susceptible population, given a mean lifetime
of 1/(e+s) (see Diekmann et al. [8]). In our model, this corresponds to the expected
number of colonisations in a completely suitable unoccupied landscape. Our con-
dition (14) can thus be interpreted as requiring the ratio c¢/(e + s), multiplied by
the equilibrium fraction of suitable habitat »/(r + s), to be greater than 1, a result
that is completely analogous to those for models of infection from epidemiology.

To simplify and improve interpretation of the results which follow, we repara-
meterise the model by introducing the new quantities

o
'O_r—i—s
and
c
6 = .
e—+s

Both are dimensionless. The parameter p is the equilibrium fraction of suitable
habitat from the deterministic model and is thus less than or equal to one. The
parameter 0 is strictly positive and, as discussed, can be viewed analogously to the
basic reproduction ratio Ry in epidemiology.

Now, considering fluctuations about the equilibrium point x* of the limit-
ing deterministic model, we may establish a bivariate OU approximation for the
fractions of suitable and occupied patches in the metapopulation network using
Corollary 3.4. With x () defined as before, and provided

Jim VM (xy(0) — x*) = z,

the family {Z;(-)}, defined by Z (1) = VM (xp(¢) — x*)),0 < t < t,converges
weakly in D[0, t] to an OU process Z(-) with initial value Z(0) = z, and with
local drift matrix

B=VF(x* = S 0 (15)
g C(rr?) —(e+s) —c (_r—};-s) tets)
and local covariance matrix
2sr. _r__ ets
r+s s (r+s c ) (16)

G=Gk") = (ﬁ—%) 2(e +5) (ﬁ—%)
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In particular, Z(¢) is normally distributed with mean ., = exp(Bt)z and covariance

t
¥, = exp(Bt) (/ exp(—Bw)G exp(—BTw)dw) exp(BT1).
0

In practice M will be large and of fixed size. Thus, we obtain a “working approx-
imation” for the mean by setting z equal to +/M (x;(0) — x*). This provides the
approximation

E (xp (1)) ~ x* + exp(B1) (xp (0) — x™) A7)

and

1
Var (xp (1)) = Mzt.

The appendix contains the full time-dependent OU approximation. However,
the quantities of most interest are the long-term mean and the long-term covariance
matrix of this approximation. The bivariate normal approximation to the quasi-sta-
tionary distribution has mean

1
w= (" v*) = (p,p—5>

(1—p0) (p— 1) (r+cp?)

and covariance matrix

1 1 '0(1 - ’0) r@+cp%—cp
Mz - M (lpr)(pfl)(r+cp2) p(r92+r6+c(-)2p2+c€p27r92p707c92p3)
r@+clp?—cp 0(r0+chp?—cp)

Thus we have obtained explicit expressions for the mean and variance of our meta-
population model via our bivariate OU approximation. The long-term covariance
matrix is of additional interest because it provides the variance of the number of
occupied patches. This variance can be compared with the variance obtained for the
stochastic SIS logistic model in order to investigate the effect of habitat dynamics
on metapopulation dynamics. A comparison showing this effect will be illustrated
in Section 5 (Figure 5).

Although one would expect a diffusion approximation derived using Theo-
rem 3.3 to provide a better approximation of the distribution of x s (¢) for ¢ small
(since it concerns the random fluctuations about the deterministic trajectory), the
OU approximation has the advantage of there being explicit formulae for the mean
and covariance. Further, the trajectories of our process move rapidly towards the
fixed point (see Figure 1 in Section 5), and thus the OU approximation (concerning
random fluctuations about the equilibrium point) is more important in describing
the fluctuations of the process. This is in contrast to results of Clancy et al. [7], who
required the diffusion approximation detailed in Theorem 3.3, due to the slow spi-
ralling approach of trajectories towards the vicinity of the equilibrium point. Also,
the use of the OU approximation allows us to implement results of Barbour [2-5]
which show for how long the distributional approximation is valid.
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Fig. 1. Simulation of the process with r = 0.5, s = 0.1, ¢ = 0.6, ¢ = 0.1, M = 500, for
10,000 transitions, the deterministic trajectory from same initial point, and the gradient field.

A convenient change of coordinates (see Barbour [2-5]) is achieved by setting
Wv(t) = AZU(t)v

where the rows of A correspond to the left-eigenvectors of B (provided, as is the
case for our model, the eigenvalues of B = V F (x*) are real). The sequence {W, ()}
converges weakly to an OU process W (-), which, in our two-dimensional case, has
local drift matrix A = diag(A1, A2), where A; and X, are the (strictly negative and
distinct) eigenvalues of B, and local covariance matrix H = AGAT . The individ-
ual components of this process are themselves OU processes. This transformation
allows us to apply results of Barbour [2-5] that address the question of how long
the OU process W (-) provides an adequate distributional approximation for W, (-).
His result shows that the time till W), first crosses the contour

2 2
exp(cy)

>~ @Cu/ W3 exp(We /2Ck) = =2

k=1 v

(which, to order c;; 1 delimits the rectangle |W| < cy+/2Ckk, k = 1, 2), where
{cv} converges to oo and C;; = —H;j/(A; + Aj), is approximately exponentially
distributed. This result answers the question of “how long” because it establishes
that, provided ¢, = o(v'/8), the expected time until exit is asymptotically
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1 2
— /T EXP(C;)).
2|)~1+K2|Cuf p(ci)

Barbour also obtains results which show that the exit times, 74, in each dimension,
d =1, 2, from regions approximating

(Wil < (cv + 1 — 8ka)v/2Ckk, k=1,2,

where §i4 is the Kronecker delta, is again approximately exponentially distrib-
uted. With the previous condition imposed on ¢, again, the mean time until exit is
asymptotically

2
2|)\d|cv\/5exp(cv).

Thus, the time taken for Wy, to first cross the contour

2 2
exp(cyy)
> QCr/ W) exp(Wg, /2Ck) = ——=,
k=1 M

or exit regions approximating

Wiyl < (emr + 1 — 8ka)v/2Ckk,

in either dimension d = 1, 2, is of order c;,ll exp(clzw) whenever ¢y = o(M'/3).
Hence, it is asymptotically larger than any power of M if, for example, cyy =
oM 8 /log M).

It should be emphasised that the above result provides a qualitative indicator of
the length of time for which the OU process provides an effective approximation
of the metapopulation process. Since the metapopulation model is a finite state
Markov chain, with an absorbing axis corresponding to all patches being unoccu-
pied, we know that the metapopulation itself will become extinct in finite time. The
importance of the result is that it shows that the time scale over which the meta-
population persists is typically large enough that the diffusion approximation can
be taken as an effective description of the metapopulation dynamics. Additionally,
as Barbour [2-5] states, although this may well be enough to justify treating the
normal approximation around x* as the true equilibrium distribution, it does not
yield the distribution of the time until extinction, which, due to the scaling by v!/?
in deriving the OU approximation, would require ¢, = o(v'/?).

5. Numerical Results and Discussion

Figure 1 illustrates a typical realisation of our metapopulation process. It depicts a
simulation of 10,000 transitions and the corresponding deterministic trajectory. We
can see from the trajectory shown, and the gradient field, that any trajectory will
move rapidly towards the vicinity of the equilibrium point. Thus, as discussed in
the last section, Theorem 3.2 and Corollary 3.4 give credence to the use of the OU
approximation to describe the behaviour of the process. Figure 2 isolates the behav-
iour of the fraction of suitable and the fraction of occupied habitat corresponding to
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Fig. 2. Fractions of suitable and occupied patches from the simulation, together with equi-
librium fractions and %2 standard deviation bands determined by the OU approximation.

the simulation in Figure 1. The usefulness of the variances determined by the OU
approximation is also demonstrated by way of bands corresponding to £2 standard
deviations for each of the fractions.

Figure 3 shows a simulation of our process and the corresponding contours of
the OU Gaussian diffusion approximation.

Of considerable interest is a comparison of our model to the stochastic SIS logis-
tic model to investigate the effect of habitat dynamics on metapopulation dynamics.
The stochastic SIS logistic model has non-zero rates

Lin,n+1) = c-=(M — n)
q ) Y
and
qL(n, n—1) =en.
Therefore, the model is density dependent with £ = [0, 1] and

cx(l—x)if [ =1
ex if 1=-—1.

fron = {

Thus, the approximating deterministic model is determined by F*, given by

FL(x) =cx(1 —x)—ex,
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Fig. 3. Simulation of the process together with contours of the approximating bivariate
normal distribution.

which has equilibrium points at
x;kri vial = 0
and

xF=1--.
c
We can compare this equilibrium fraction of occupied patches to that given by our
model, namely
r e+s

r+s c

v*

In agreement with Hess [12] and Johnson [13], it can be seen that disturbance
affects the equilibrium fraction in two ways. Firstly, it reduces the fraction of suit-
able habitat (1 compared with ™) and secondly it increases the extinction rate of
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the metapopulation by adding the habitat destruction component s to the standard
extinction rate e. The stochastic SIS logistic model also has

BLze—c,

which gives the deterministic persistence condition of ¢ > e. It can be seen that if
s = 0 the persistence condition derived for our model, equation (14), reduces to
the same persistence condition and also the same equilibrium fraction of occupied
patches.

Further to this, we can consider two situations that might arise from using the
existing stochastic SIS logistic model. Firstly, since there is no modelling of habi-
tat dynamics, it might be assumed that all M patches are suitable for occupancy. It
would then also be assumed that the extinction of local populations is occurring at
rate e 4 s. This situation modelled with the stochastic SIS logistic model results in
an equilibrium fraction of occupied habitat given by

" e+s
X,y =1—
eq c

and the persistence condition
c>e+s.

Therefore, we would incorrectly overestimate the expected proportion of occupied
habitat and could possibly make incorrect decisions concerning the persistence of
the metapopulation. The second situation is one in which data leads to an estimate
of the average fraction of suitable habitat to be approximately

-
r+s’

Combining this with the stochastic SIS logistic model gives the equilibrium fraction
of occupied habitat as
" r e+s
= 1—
e = +s [ c i|

and the same persistence condition

c>e-+s.

Thus, we would still incorrectly overestimate the expected proportion of occupied
habitat and could possibly make incorrect decisions concerning the persistence of
the metapopulation. Therefore, in general, using existing models that do not explic-
itly model habitat dynamics will overestimate the average proportion of occupied
patches and will provide incorrect persistence conditions for certain parameter
regions. Figure 4 illustrates this reduction in patch occupancy density via a com-
parison of our model to the stochastic SIS logistic model for each of the scenarios
outlined above.
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Fig. 4. Simulation of the stochastic SIS logistic model with extinction rate e + s, with
extinction rate e + s and reduced habitat, and our new model, respectively from top to
bottom.

As mentioned earlier, the explicit expression for the variance in the number of
occupied patches allows us to investigate the effect of ignoring habitat dynamics
upon the variability of metapopulation occupancy dynamics. It can be seen from
Figure 5 that the relative increase in variance of our model compared to the sto-
chastic SIS logistic model is increasing as the rate of disturbance increases, that is,
with s. For the parameters used in the simulations there is an approximate increase
in variance of occupied patches by a factor of 2.6. This is a significant increase in
variance and emphasises the importance of quantifying stochasticity in both habitat
and population dynamics.

6. Conclusion

We have presented a stochastic metapopulation model that accounts for habitat
dynamics. Results of Kurtz and Barbour, that provide deterministic and diffusion
approximations for a wide class of stochastic models, were presented in a form that
most easily allows their direct application to population modelling. These results
were used to demonstrate convergence (uniformly in probability over finite time
intervals) of a suitably scaled version of the metapopulation model to a deterministic
model studied previously in the ecological literature by Hess [12] and Johnson [13].
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(Variance Our Model){Variance Stochastic Logistic Model)

5 D-o

Fig. 5. Ratio of variance in occupied patches for our model to that of the stochastic SIS
logistic model with ¢ = 0.6 and e = 0.1.

We extended their work by also establishing a bivariate normal approximation for
the patch suitability and patch occupancy densities, conditional upon non-extinc-
tion. Thatis, we established a bivariate normal approximation to the quasi-stationary
distribution of the original process. This allowed us to quantify the effect of habitat
dynamics on the variability of patch occupancy dynamics through a comparison
with the stochastic SIS logistic model. Additionally, we have provided an effective
means for modelling metapopulations occupying landscapes that are ephemeral or
subject to temporary unsuitability and have established a framework for statistical
inference for fitting the model to real metapopulation data, thus allowing population
viability analyses of such metapopulations. The approach and techniques presented
in this paper have wide applicability and should be of interest to most biological
modellers.
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7. Appendix

The time-dependent mean and covariance matrix of the OU approximation are
given by

exp (—%) 0

2 . Z
%(9,0 -1 [exp (%) _ eXp(—%)] exp (lc(l;&p))

My =

and

1 1 — _2ry
Ly oL (e=vo(exp=2—1) x|
M M Xt Q

respectively, where

2
n+§exp (—%) + ¢ exp (W)

K= TG0+ ep — cOpDrp + cOp% —cp)
in which
_ (ep*0 —cp—r0)(Bp — D(p — D +cp?)
n= 2
0
c(1 = p)(cp —rp +rb2p — cOp? + c6%p3)
§= 10
P
and

r(p — 1)(@p — 1) (0 + chp> + cp)
12 ’
P
and, the entry corresponding to the variance in the occupied patches is given by

A + eexp (—2ﬁ> + ¢ exp (;(W)) + Oexp <2fc(%)>

Q — P po
e 0(ré + cp — cHp2)2(r — cp + chp?) ’
where
(r6 +cp — cBp®)2(r0% +r0 — r0%p — ¢ + rp*0? + cp6 + cp36?)
A= e
2 _ _1)2 2 _
(= p)(Op — 1)7(r6 + cOp cp)
€= o3
2erf(p — 1)(Op — D20 + chp? + cp)
¢ = P
and finally

O =(p—rb— c@,oz)
|:(2c29,o2 —cp—c?02p3—crO—crpd + crpb? + crp?6? + r2po3 —r292)]
15 :
P
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