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Abstract

Safra and Zilcha (1988) have examined the behavior of efficient sets in generalized
models. The object of this note is to generalize their results. It is shown that, for the class of
continuous preference functionals preserving any continuous partial ordering on the space of
cumulative distribution functions, the efficient subset of any given set of prospects are simply

those which are not dominated under the original partial ordering.



EFFICIENT SETSWITH AND WITHOUT THE EXPECTED UTILITY
HYPOTHESIS- A GENERALIZATION

The notion of stochastic dominance has been one of the central features of the Expected
Utility theory of choice under uncertainty. An important application of stochastic dominance
analysis is the derivation of efficient subsets of a set of risky prospects (those which are not
stochastically dominated by any available alternative). In an investment or decision problem
attention can be confined to the efficient set. The theory of efficient sets in the expected
utility model is well-developed. A number of generalizations of expected utility have been
proposed, including weighted utility theory (Chew 1983), the theory of local utility functions
(Machina 1982) and rank-dependent expected utility (Quiggin 1982, Y aari 1987).

Safra and Zilcha (1988) have examined the behavior of efficient sets in generalized
models. Their analysis begins with the consideration of a range of definitions of risk-aversion
interms of partial orderings on the space of cumulative distribution functions. Under expected
utility, these definitions are all equivalent, in the sense that they characterize the same class of
utility functions (namely, the concave increasing functions) and hence yield the same efficient
sets. Safraand Zilchathen consider theimplications of dropping the expected utility hypothesis,
and admitting arbitrary continuous preferencefunctional son the space of cumul ativedistribution
functions. They show that, in this case, the different definitions of risk-aversion are no longer
equivalent. Further, the efficient sets they yield are essentially equivalent to the original
partial ordering.

The object of this note is to generalize this result. It is shown that, for the class of
continuous preference functionals preserving any continuous partial ordering on the space of
cumulative distribution functions, the efficient subset of any given set of prospects are simply

those which are not dominated under the original partial ordering.



Preference orderings and efficient sets

In order to place the discussion in a more general context, | will depart from the
notation of Safra and Zilcha. Let Y be the set of random variables on some subset of R, A
generic element of Y, denoted y, is defined as a L ebesgue measurable mapping from the unit
interval [0, 1] into K. The associated space of cumulative distribution functions is denoted D
and a generic element is denoted F. Let V be a set of mappings from Y to R with generic
elements denoted v. Let P be the set of pre-orderings of Y. A generic element of P is denoted
P, and the associated strict ordering is denoted P

For any pre-orderingP T P, define adual subset P* of V such that

«y Pr={vl ViyPy,p v(y)3 vy,)}
Similarly, for any subset V of V, define a pre-ordering V* T P such that

2 V,VEY, U v(y) 3 vy,) " ViV

It is apparent that the larger isP (or V), the smaller is P* (or V*). More importantly,
given an initial pre-ordering P, it possible to apply both (1) and (2) to obtain a pre-ordering
(P*)*. Clearly (P*)*E P. Similarly, given any VI V, two iterations of the process yield a
larger (V*)* E V.

In important cases, the inclusions derived above are strict. For example, let V, be the
space of expected utility functionals, and let P be the pre-ordering corresponding to the
simplest definition of risk aversion, namely that a sure thing is preferred to a risky prospecty
with the same expectation. The most basic result of expected utility theory isthat this condition
is satisfied (that is, vi P*) if and only if the utility function U is everywhere concave. The
theory of second stochastic dominance, developed by Hadar and Russell (1967) shows that,
whenevery, SSDy,, W(y,) 3 W(y,) " vI P*.

Therelation between P, P* and (P*)* isobviously similar to standard duality relationships.
Given aduality interpretation, it is natural to adopt the notation P** for (P*)* and to refer to

P** as the double dual of P. Further it is natural to consider the case when P** = P. In this



case P (or V) will be referred to as maximal. It is straightforward to show (Quiggin 1990)
that, for any P, P* is maximal, and for any V, V* is maximal. It should be noted that P* (and
hence P** and VV**) will depend on the choice of V and hence should strictly be referred to
asthe dual (or double dual) with respect to V.

Finadly, let T = 2" be the power set of the space Y. Then to each partial order P1

there corresponds amapping ¢ : I' ® T, such that for ST T’

(3) 09 ={yl S 8yl SyPy}.

The set ¢(S) is the efficient subset of S with respect to the partial order P (Peleg and
Yaari 1975). Since it is clearly possible to recover the partial ordering P from a knowledge of
¢ (consider the values of ¢ on al two-element subsets of Y) there is a 1-1 correspondence

between P and ¢. Similarly, forany ViV, it is possible to define the efficient subset

(4) S ={yl S$YESVY)3UY)" VEV}

There is not, in general, a 1-1 correspondence between V and ¢,,. However, any ¢, defines a

unigue maximal V.

It isnow possibleto prove

Proposition 1. Let P be a closed ordering preserving first stochastic dominance, and
letV ={v:Y ® A;v continuous}.

ThenP** = P.

Corollary: Let V = P*. Then, for any S ¢,(S = ¢(S).

Proof: Choosey,, y, unrelated by P. That is, neither y, Py, nor y, Py, holds. If no
suchy,, y, exist, Pisatota ordering and the result istrivial.

Let A={yy, Py} B={yyPy,}. By the trangitivity of P and the fact that y,, y, are
unrelated by P, A and B are digjoint. | claim that we can define a continuous functionvi V

such that



(i)v=0onA,v=1o0nB
(iyP y P vy)? v(y)

The proof is essentially the same as that of Urysohn's lemma given by Dugundiji (1966,
p 147). We first show that for all elementsr of the set R of rationals of the form k/2"we can

define an open setN(r) such that

(ii)AT N(r)andN(r) C B=/E
(iv)r>r'bp NI N(r)

(V)y€eu(r),yPy' P yT U(r)

Let B¢ be the complement of B. By normality there exists an open set N containing A

and having its closure contained in B€.

Define

(5) NO)={ye ;$y ENYPy}

Because P preserves first stochastic dominance and N is open, N | N(0). Because P is
closed, the closure of N(0) is contained in B°. The remainder of the construction is a
straightforward induction, following Dugundji.

Itisnow possibleto definev. Set N(1) = and:

(6) v(y) =inf{r:yl N(r)}
DefineP, by
(7) yPy iff vy) ® ).

Then it is clear that v has the desired properties and that P, is a closed partial ordering
preserving P and such that y, P, y, . Since we can clearly define P, such that y, P, y,, it is

apparent that neither (y,, y,) or (Y,, y,) isan element of P **. Hence P** = P as desired. The



corollary followsimmediately. n

Themainresult of Safraand Zilcha(1988) may be derived asaspecial case of Proposition
1.Foral [01],FT ,t1 A,they define

) F.(1) = F((t - a E[F])/(1-)
Consider the partial ordering P, defined by

€) P,={(F,F),BT [a 1]}
along with the usual join with first stochastic dominance. More formally this join may be

written by stating

(10) GP,Fifandonlyif$ BT [, 1] GFSDF,

Safraand Zilcha (1988) usetheterm ‘o risk-averse’ to characterize preference functionals
VI P*. Foranyset Xi , Z(X) isdefined to be the efficient set with respect to the class of
o risk-averse preference functionals, P,*. By Proposition 1, P,** = P, so F € Z (X) if and
only if there is no GI X, such that G P, F. Safra and Zilcha (1988, Theorem 1) is a

constructive proof of this result.

Concluding Comments

The Expected Utility imposes strong linearity requirements on preference relationships.
It is precisely this linear structure which has permitted the derivation of the central resultsin
the EU theory of efficient sets. In these results, linearity isused to extend an original preference
relation to its convex hull. It is unsurprising, therefore, that in the absence of any restrictions
on preference other than continuity, no such extension is feasible. Most of the alternatives to,
and generalizationsof, EU theory retain somelinear or quasi-linear structure. Someimplications

for efficient sets are discussed in Quiggin (1990).
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