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Abstract 

 
In this article we show equivalence between the input oriented and output oriented scale elasticity 

measures for multi-output, multi-input technologies.  We show the necessary and sufficient condition 

for this equivalence.  We also provide a Lagrange multiplier (or shadow price) interpretation of the scale 

elasticity measure. 
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Definitions 

Let N

Nxxx )',...,( 1  be a vector of inputs and M

Myyy )',...,( 1  be a vector of outputs, while 

the production technology be characterized by the technology set T , 

 

 }:),{( NMMN xfromproducibleisyyxT .    (1) 

 

For a single output case, one can use the production function 1: Nf  defined as 

 

}),(:max{)( Tyxyxf ,        (2) 

 

to completely characterize the technology set T under fairly mild regularity conditions on T.  In this case, 

a commonly used measure of scale elasticity used in economics is given by  
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where )(xf  is the production function defined in (2) that is assumed to be differentiable (at least once) 

and where )/)(,...,/)(()( 1

'

Nx xxfxxfxf ) its gradient.   

 The definition of scale measure in (3) is designed for a single output case only.  For the multiple 

output case, Färe and Primont (1995), modifying the ideas of Hanoch (1975), Panzar and Willig (1977) 

suggested deriving the scale elasticity measures from the Shephard‟s distance functions. Following them, 

recall that the Shephard‟s (1970) output distance function }{: 1MN

oD  is defined as  

 

  })/,(:0inf{),( TyxyxDo ,      (4) 



 

while the Shephard‟s (1953) input distance function }{: 1NM

iD  is defined as 

  

  }),/(:0sup{),( TyxxyDi .      (5) 

 

It is well known that under fairly mild conditions on technology, both functions possess useful 

properties,1 in particular, they both completely characterize technology set T in the sense that 

 

TyxxyDyxD io ),(1),(1),(      (6) 

 

as well as are homogeneous of degree 1 in the second argument, i.e., 

 

),(),( yxDtytxD oo ,   MNyxt ),(),,0( ,    (7) 

and 

),(),( xyDtxtyD ii ,   MNyxt ),(),,0( .   (8) 

 

Also note that under the constant returns to scale (CRS) technology, the two functions are reciprocals to 

each other, i.e., we have 

  

MN

io yxxyDyxD ),(),,(/1),( .      (9) 

 

In general, however, if technology is not of CRS type, equality (9) does not hold and, in general, there is 

no explicit equality relationship between the two.   

                                                           
1
 In particular, we assume standard regularity axioms in production theory, such as “no free lunch”, “doing nothing is 

possible”, T is closed and the output sets }),(:{:)( TyxyxP  , 
Nx  are closed, as well as weak disposability 

for all inputs and outputs (see Färe and Primont (1995) for details of these axioms and resulting properties). 



Following Färe and Primont (1995), one can use a measure of local returns to scale based on one 

of these distance functions.  In particular, the output oriented measure of scale elasticity can be defined by 

 

1,1ln

ln
),( yxeo , such that    1),( yxDo .    (10) 

 

Or, alternatively, one could use the input oriented measure of scale elasticity, defined as 

 

1,1ln

ln
),( xyei ,  such that    1),( xyDi .    (11) 

 

Intuitively, both formulas are trying to measure scale elasticity by looking at the relationship between 

equi-proportional changes in all inputs with equi-proportional changes in all outputs, but do it by using 

different characterizations of technology. Specifically, measure (10) is based on the function that focuses 

on the output spaces of T at given input levels, while measure in (11) focuses on the input spaces of T at 

given output levels.  Both functions completely characterize technology, in the sense of (6), but do it in 

different and, in some sense, „orthogonal‟ ways.   

 

Several natural questions arise: „What is a relationship between these two alternative measures of scale 

elasticity?” Are (10) and (11) equivalent? Always? Under what conditions? Indeed, in the light of the fact 

that, in general, the input distance function and output distance function do not have explicit one-to-one 

equality relationship with each other (except for peculiar cases such as CRS) do they still give the same 

information about the scale properties of a given technology, at least under some conditions? If so, what 

are these conditions?  Intuitively, familiar with the subject reader should expect a positive result to these 

questions, yet a proof in the multi-input-multi-output context is not trivial.  It is also not immediately 



clear, before the proof is seen, what the necessary and sufficient conditions are, if any, for such 

relationship. Answering these questions is the goal of the next section.  

 

Results 

 

In the theorem below we provide the main result of this paper, showing exact relationship between the 

input oriented and output oriented scale elasticity measures for the multi-output-multi-input 

technologies, stating required (necessary and sufficient) conditions and then we give an example that 

illustrates a case when the theorem does not hold. 

 

Theorem. Given definitions (1), (4), (5), (10) and (11), standard regularity conditions of production 

theory and assuming that ),(' xyDiy , ),(' xyDix  and ),(' yxDox , ),(' yxDoy  exist, we have 

 

),(/1),( xyeyxe io ,       (12) 

if and only if  

0),(' yxyDiy   and  0),(' xyxDox  .     (13) 

 

Proof.   First of all, note immediately that by using the implicit function theorem, we can rewrite 

definitions in (10) and (11) in a more compact form 

 

xyxDyxe oxo ),(),( ' ,       (14) 

and   

yxyDxye iyi ),(),( '
.       (15)2

 

                                                           
2
 To be precise, note that 0),( Mo xD 0  and NMi xxD 00 ,),( , as well as ),( yD No 0  and  

MNi yyD 00 ,0),( , but these peculiar cases are ruled out from our consideration because the definition 

of the output and input scale elasticity measures require that 1),( yxDo  and 1),( xyDi , respectively. 



 

Now, to prove the necessity part, assume that ),(/1),( xyeyxe io , then (14) and (15) imply that 

 

xyxDox ),(' = yxyDiy ),(/1 '  

 

which clearly can hold only if (13) is true. 

To prove the sufficiency part, assume (13) is true. Further, note that, due to (6), we can rewrite the 

output distance function as following:  

 

}1),/(:0inf{),( xyDyxD io .       (16)

  

The resulting Lagrangian function for this optimization problem can be written as  

 

)1),/((),|,( xyDyxL i ,        (17) 

 

and so the system of equations defined by the first order condition for (17) is given by  

 

 0))/(1(),/(1 2**'

/

*

*

* yxyDL iy ,     (18) 

and    
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where ),(),,( ** yxyx  are the optimal solutions to (17).  Now, note immediately that from 

(18) it follows that  



 

])/(),/(/[1 2**'

/

* yxyDiy .         (20) 

 

Also note that since *  is a solution to optimization problem (17), its value must be equal to unity, and 

therefore (20) reduces to 

 

yxyDiy ),(/1 '* .         (21) 

 

Furthermore, note that the r.h.s. in (21) is non-zero due to our assumption (13), implying that 0* , 

i.e., the constraint in (16) is binding at the optimal values, i.e., 1),( xyDi . Therefore, according to (15), 

the r.h.s. is just the reciprocal of ),( xyei , i.e., (21) reduces to 

 

* ),(/1 xyei .         (22) 

 

On the other hand, note that the envelope theorem applied to (17), tells us that 

 

),/(),|,(),( *'***'' xyDyxLyxD ixxox .     (23) 

 

Now, post-multiplying both sides of (23) by the vector of inputs and by (-1), and using again our 

knowledge that 1* ,  we get 

 

xxyDxyxD ixox ),(),( '*'        (24) 

 



Note that the l.h.s. in (24) is assumed to be non-zero according to (13), and is equal to ),( yxeo , 

according to (14), since 1),( yxDo  at the optimum.  Also recall that the input distance function is 

homogeneous of degree one in inputs, as was stated in (8), and so the Euler’s rule tells us that 

xxyDix ),(' ),( xyDi , which as was concluded above, is equal to unity.  Thus, (24) becomes 

 

),( yxeo  * .        (25) 

 

Combining this last result in (24) with (22), we get the desired expression, i.e., 

 

),(/1),( xyeyxe io .       (26) 

  Q.E.D.3 

 

Discussion 

 
Intuitively, as one might expect, the theorem tells us that the two scale elasticity formulas measure the 

same property of technology equivalently and we can get one from the other by just taking the 

reciprocal, provided that certain condition is satisfied.  Importantly, this condition is the necessary and 

sufficient condition for this equivalence result to hold and it states that, at the points where elasticity is 

measured, the gradients of the input and output distance functions shall not be orthogonal to the output 

and input vectors, respectively.  In turn, this technical requirement ensures not running into situation of 

division by zero (as can be seen among the steps in proof of the theorem). By this condition, we ensure 

that at a given point of measurement, none of the two measures of scale elasticity explodes and does not 

degenerate to zero, and then (and only then) they give equivalent information about the scale of 

technology at that point. On the other hand, the necessary and sufficient condition (13) also have 

                                                           
3
 Note that similar proof can be established by starting from the definition of ),( xyDi in (16). 



economic meaning: it requires that an increase in all inputs by the same proportion shall cause some 

proportional, non-zero change in all outputs and, naturally, it should not be an infinite increase.  In turn, 

this condition also implies that, for the equivalence of the two measures, the technology must be such 

that 1),(1),( xyDyxD io , at a point where the scale elasticity is measured, as can also be seen 

from the steps of the proof of the theorem.  

 

An example where the theorem above does not hold at some points is illustrated in Figure 1. From this 

figure, one can see that the main condition of the theorem is violated for some points, e.g., the point 

),( oo yx  located on the portion of the frontier orthogonal to the output space. Indeed, for this point we 

have 1),( oo

o yxD  but 1),( oo

i xyD  and so 0* , thus 0),(' xyxDox , while ),( xyei  would be 

undefined. The theorem, however, will still hold at other points for this technology (or its convex 

analogue) where condition (13) is satisfied. In other words, condition (13) is not a global restriction on 

technology for the theorem to hold but is a local requirement at which elasticity is to be measured and 

this carries important empirical implication, broadening the class of technologies for consideration by an 

applied researcher. 
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Figure 1. Technology where condition (13) is not always true. 

 



One of the values of this theorem is the empirical one.  Indeed, to model multi-output-multi-input 

technologies, it became very popular to estimate the Shephard‟s distance functions. 4 Sometimes the 

output-oriented Shephard‟s distance function is used and sometimes the input-oriented Shephard‟s 

distance function is used and it is not always clear whether and which results based on these alternative 

characterizations of technology would or should be the same or similar, at least qualitatively.5  The main 

message of this paper outlines a more-or-less clear theoretical answer on when such alternative 

approaches to modelling the production process should yield equivalent (or similar, due to some 

statistical noise) results, for the particular case of measuring scale elasticity.  In some sense, it is also 

desirable that this answer turns out to be in terms of necessary and sufficient condition for technology 

(at the point of measurement). 

 

It might be also worth noting that a side fruit of the proof of the theorem above is that it provides an 

interesting economic or shadow-price intuition of the scale elasticity measures. Specifically, equation (25) 

tells us that the output oriented scale elasticity is in fact the Lagrange multiplier, that is, it is the shadow price 

of relaxing the constraint, in the optimization problem (16).  Similar argument can be made about the 

input oriented scale elasticity measure being the Lagrange multiplier or the shadow price of relaxing the 

constraint in optimization of the input distance function defined in terms of the constraint on the output 

distance function, formulated analogous to (16). Such Lagrange multiplier interpretation of scale 

elasticity measures also gives a simple way of obtaining and analyzing a measure of scale elasticity, 

without taking derivatives as was required in (10), (11), (14) and (15). 

 

Finally, it should also be noted that similar relationship can be derived for the dual framework—between 

the cost-based and revenue-based scale elasticity measures, given additional assumptions (convexity of 

                                                           
4
 E.g., see the fundamental works on estimation of distance functions by Atkinson and Primont (2002), Atkinson, 

Cornwell and Honerkamp (2003), O’Donnell and Coelli (2005), Färe, Grosskopf, Hayes and Margaritis (2008) and 

references cited there in, to mention just a few here. 
5
 In fact, for some measurements it is known that results would not be equivalent in general: e.g., efficiency measurement 

would give equivalent results only under the case of a constant return to scale technology—a trivial case for our context. 



input and output sets, cost and revenue optimization and strictly positive input and output prices, 

respectively).  This relationship can be done directly, as we performed above, or indirectly, by using the 

duality equivalence results for the output oriented scale elasticity with the revenue-based scale elasticity 

on one hand and for the input oriented scale elasticity with cost-based scale elasticity measure on the 

other hand, as was derived in Färe, Grosskopf and Lovell (1986) and reinstated in Färe and Primont 

(1995). 
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