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Flow resistance in skimming flows in stepped
spillways and its modelling

H. Chanson, Y. Yasuda, and |. Ohtsu

Abstract: Dams and weirs must be equipped with adequate flood-release facilities for a safe dissipation of the kinetic
energy of the flow. With stepped spillway design, it is essential to accurately predict the flow-resistance contribution of
the steps. The authors investigate the flow resistance of skimming flows and associated form losses. Recent laboratory
experiments were systematically performed with channel slopes ranging from 5.7° up to 55° and the results are com-
pared with existing laboratory and prototype data. The results provide a better understanding of the basic flow patterns
and flow-resistance mechanisms and emphasize that form loss is dominant. Simple analytical models provide a reason-
able order of magnitude of the pseudo-boundary shear stress and the recirculation cavity ejection frequency. Altogether,
more than 38 model studies and four prototype investigations (for a total of more than 700 data points) are reanalysed.

Key words: stepped spillway. flow resistance, skimming flow, form drag, physical and analytical modelling.

Résumé : Les barrages et ouvrages de retenues d’eau doivent étre équippés de systémes d’évacuations des eaux de
crues. permettant une dissipation efficace de 1'énergie cinétique de 1’écoulement. Dans le cas d’évacuateurs de crues en
marches d’escalier, il est particulierement important d'estimer correctement les forces de frottement dues aux marches.
On étudie, particulierement, la résistance de frottement des écoulements extremement turbulents « skimming flows » et
leur résistance de forme. Des essais en laboratoires ont été conduits systématiquement pour des pentes comprises entre
5.7 et 55 degrés, et les données expérimentales sont comparées avec des études antérieures. Les résultats permettent de
comprendre mieux les caractéristiques des écoulements et les mécanismes de base de perte de charge. Ils démontrent,
en particulier, I'importance de la résistance de forme « form drag ». On présente, de plus. de simples modeles analyti-
ques fournissant une estimation raisonnable de la contrainte équivalente de paroi « pseudo-boundary shear stress » et
de la fréquence d’éjection des zones de recirculation. Au total, plus de 38 études en laboratoire et 4 études sur prototy-
pes (regroupant plus de 700 points de mesure) sont ré-analysées.

Mots clés : évacuateur de crues en marches d’escalier, perte de charge, écoulement extrémement turbulent, résistance
de forme, modelisation physique et analytique.

Introduction stepped weir in Akarnania, Greece, built around 1300 B.C.
The weir, 10.5 m high with a 25 m long crest, was equipped
with a stepped overflow (Knauss 1995; Chanson 2000). The
downstream slope is stepped (14 steps) with masonry rubble
set in mortar. The mean slope is about 45°, varying from 39°
to 73°, and the step height ranges from 0.6 to 0.9 m. The
stepped weir was used for several centuries. It is still stand-
ing and flash floods spill over the stepped chute.

The recent regain of interest in stepped spillways has been
associated with the development of new construction materi-
als (e.g., roller-compacted concrete) and design techniques
(e.g., overflow protection systems for embankments) (e.g.,
Received 11 April 2002. Revision accepted 4 September Chanson 1995; Ohtsu and Yasuda 1998). Alt‘hough modern
2002. Published on the NRC Research Press Web site at rpller—compacteq concrete (RCC_) stepp'ed spn]lways.are de-
http://cjce.nre.ca on 29 October 2002. signed for a skimming flow regime (Fig. 1), there is some
controversy on an accurate estimate of the flow resistance.
Model and prototype data exhibit little correlation, with

SR I flow-resistance data scattered over three orders of magnitude
Y. Yasuda and L Ohtsu. Department of Civil Engineering, (e.g., Ohtsu and Yasuda 1998; Chanson et al. 2000) (ngg. 2).
College of Science and Technology. Nihon University, Tokyo ' ) ; ;
101-8303. Japan. In the present paper, the authors investigate the flow resis-
tance in skimming flows. New experiments were performed
systematically with channel slopes ranging from 5.7° to 55°.
Basic flow patterns are presented and the experimental re-

During large rainfall events, flood waters rush through,
above, and beside man-made dams. Significant damage may
occur if the energy of the flow, especially its kinetic energy,
is not dissipated safely. One type of flood-release facility is
the stepped spillway. It is characterized by significant flow
resistance and associated energy dissipation caused by the
steps. The design yields smaller, more economical dissipa-
tion structures at the downstream end of the chute. The
world’s oldest stepped spillway is presumably the overflow
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Fig. 1. Definition sketch of skimming flow.
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Fig, 2. Darcy friction factor of skimming flows on steep stepped chute (6 > 20°) (455 laboratory data points).
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than 700 data points. The purpose of this paper is to assess
critically the overall state of this field and present new con-
clusions valid for both flat (channel slope 6 < 20°) and steep
(0 > 20°) spillways with skimming flows.

Basic equations

Although the flow resistance on smooth-invert chutes is
primarily due to skin friction, skimming flows over stepped
chutes are characterized by significant form losses. The wa-
ter skims over the step edges with formation of recirculating

h*cos8/Dy 1

vortices between the main flow and the step corners (Fig. 1).
In uniform equilibrium flows, the momentum principle states
that the boundary friction force exactly equals the gravity
force component in the flow direction, i.e., the weight of
water component acting parallel to the pseudo-bottom
formed by the step edges. It yields

[1] T,Py = PugA, sin@

where 1, is the average shear stress between the skimming
flow and the recirculating fluid underneath, P, is the wetted
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perimeter, p,, is the water density, g is the gravity constant,
A, is the water flow cross-sectional area, and 6 is the mean
bed inclination angle. For a wide channel, eq. [1] becomes

v=Yy

21 T=| [pu-C)dy|gsin®
y=0

where C is the void fraction, also called air concentration,
and is defined as the volume of air per unit volume of air
and water; and Yy, is the distance normal to the pseudo-
bottom where C = 90%.

Kazemipour and Apelt (1983) stressed that to try to ac-
count for the form losses with a Gauckler-Manning or
Darcy-Weisbach formula is unsatisfactory. Nevertheless, the
Darcy-Weisbach formula is used for this study of skimming
flows because it facilitates a comparison between smooth-
invert and stepped chute flows. Further, the drag coefficient
of uniformly spaced roughness (e.g., steps) is proportional to
the Darcy coefficient (Schlichting 1979). By analogy with
clear-water, open-channel flows, the average boundary shear
stress may be expressed in terms of the Darcy friction factor
as

f; 2
3 T, = 22 pY~
(31 8P

where f, is the Darcy friction factor of the air—water flow,
and V is the mean flow velocity (or equivalent clear-water
flow velocity). By continuity, V equals

_ Gu

W Ve
J’(l—C) dy
y=0

where ¢, is the water discharge per unit width.
In dimensionless terms, the momentum equation at uni-
form equilibrium in a wide channel yields

3
=Yy

T 8g .
5 — s = 2 (1-C) dy| sin®
>l A8)pyV? g5 Jo ’

In gradually varied flows, the friction factor must be de-
duced from the friction slope S, which is the slope of the to-
tal head line (Henderson 1966; Chanson 1999). For a wide
channel, it yields

3
y=¥y

j( 1-C)dy| S
y=0

T 8g
6 o =25
(€] 1/8)pV: gy

Free-surface aeration is always substantial in prototype
skimming flows and its effects must not be neglected.
Downstream of the inception point of free-surface aeration,
the distribution of air concentration may be described by a
diffusion model:

(7] € =1-tanh?| K" ——2
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where tanh is the hyperbolic tangent function, y is the dis-
tance normal to the pseudo-bottom formed by the step
edges, D’ is the dimensionless turbulent diffusivity, and K’ is
an integration constant (Chanson 1997). D" and K’ are func-
tions of the mean air content C,.,, only and can be esti-
mated as

0.848C . — 0.00302

[8] D=
1+ 1.1375C,,, — 2.2925C2..
9]  K'=tanh '(JO.)+ Ob?

for Cpean < 0.7. Equation [7] compares favourably with
stepped chute data obtained in models and prototypes (Baker
1994; Ruff and Frizell 1994; Chamani and Rajaratnam 1999;
Matos et al. 1999; Chanson and Toombes 2001a) (Fig. 3).

Fiow resistance in skimming flows

Recent laboratory studies of stepped channels provided
significant contributions to the understanding of stepped
channel flows (e.g., BaCaRa 1991; Ohtsu and Yasuda 1997).
Dynamic similarity of skimming flows is, however, complex
because of the role of the steps in enhancing turbulent dissi-
pation and free-surface aeration. For uniform equilibrium
flows (i.e., normal flows) down a prismatic rectangular
channel with horizontal steps, a dominant flow feature is the
momentum exchange between the free stream and the cavity
flow within the steps (Fig. 1). A complete dimensional anal-
ysis yields

4 7
[10] F L;pwﬁ; g“W;Cmean;Q;K;B;k—s =0
Jed My puo? h" k' h

where V and d are the mean flow velocity and flow depth,
respectively, at uniform equilibrium flow conditions; W is
the channel width; % is the step height; & is the skin rough-
ness height; g is the gravity acceleration; |, and p,, are the
dynamic viscosity and density of water, respectively; and ©
is the surface tension. For air—water flows, the equivalent
clear-water depth is defined as

=Yg

j(l—C) dy
v=0

[11] d=

From left to right, the dimensionless terms in eq. [10] are
the Froude number, the Reynolds number, the Morton num-
ber, the amount of entrained air, and four terms that charac-
terize the cavity shape and skin-friction effects on the cavity
walls.

Equation [10] illustrates that a Froude similitude with
geometric similarity and the same fluids in model and proto-
type does not describe the complexity of stepped spillway
flows. BaCaRa (1991) described a systematic laboratory in-
vestigation of the M’Bali Dam spillway with model scales of
1/10, 1/21.3, 1/25, and 1/42.7. For the scales 1/25 and
1/42.7, the flow resistance was improperly reproduced with
a Froude similitude. Further studies demonstrated that air
entrainment is poorly reproduced on small-size models
(Kobus 1984; Chanson 1997). Chanson (1997, p. 236) rec-
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Fig. 3. Void traction distributions in stepped chute flows: comparison with eq. [7].
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New experimental study

A systematic study of stepped spillway flows was under-
taken at Nihon University (Yasuda and Ohtsu 1999). Experi-
ments were performed in four 0.4 m wide stepped channels
with bottom slopes of 5.7°, 11.3%, 19°, 30°, and 55°, step
heights ranging from 0.002 to 0.08 m, and flow rates per
unit width of between 0.008 and 0.08 m?/s. Each channel
was followed by a horizontal stilling basin. Clear-water
depths were recorded with a point gauge. Pressure and ve-
locity in clear-water flows were measured with a Pitot tube.
Void fractions were recorded with an optical fibre probe
(single tip). The skimming flow depth was measured by two
methods, the clear-water flow depth deduced from void-
fraction profiles (eq. [11]) and an indirect method based on
the water depth measurement in the stilling basin. In the
stilling basin, the momentum equation across the jump
yields

, . 1 1 2
“2] quw(vz - V!) = 5 Pholtomdl - Epwgd‘i

where Py 15 the invert pressure upstream of the hydraulic
jump; d, and V| are the supercritical flow depth and velocity,
respectively, upstream of the hydraulic jump; and d, and V,
are the flow depth and velocity, respectively, downstream of
the hydraulic jump. At the chute toe, the energy equation
implies that the residual head equals
[13] H, =dcos®+ ' =Cpd, + 10

28 28

where d and V are the flow depth and velocity, respectively,
at the end of the stepped chute; and Cp is a pressure correc-
tion coefficient defined as

where P is the pressure. Pressure and velocity distributions
upstream of the jump were measured in situ with Pitot tube
and pressure tappings. The data showed that Cp was signifi-
cantly larger than unity. Comparison between clear-water
flow depths deduced from the optical fibre probe (eq. [11])
and indirect supercritical depth (eq. [13]) showed agreement
between the two methods within 10% and no significant
trends between results of clear-water depths obtained by the
different methods.

Additional experiments were conducted for two interme-
diate slopes (0 = 16° and 22°) and large step heights (& =
0.1 m and 0.05 m) at the University of Queensland (Chanson
and Toombes 2001a). This study was focused on the basic
air—-water flow properties and cavity recirculation processes.

Data analysis

The experimental data were analysed using eqs. [2] and
[5] for uniform equilibrium flows and eq. [6] for gradually
varied flows. The data are compared with those from the
reanalysis of over 40 model and prototype studies using the
same equations. Some studies conducted detailed air—water
flow measurements (e.g., void fraction distributions), while
others attempted to record a pseudo-water depth (Table 1).
Results derived from air—water flow data provide genuine
estimates of the dimensionless boundary shear stress, herein
denoted f.. Estimates derived from eq. [13] are denoted f,
Results based on pseudo-water depth give a rough, less ac-
curate estimate that is denoted f,.

The combined analysis (over 700 data points) shows that
the flow resistance is larger on stepped chutes than on
smooth channels, but the steep stepped chute data show very
little correlation (Fig. 2). The study further highlights the
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Table 1. Reanalysed experimental data of flow resistance in skimming flows.

Reference 0 (°) h (m) W (m) Remarks

Estimates based on results derived from air-water flow data (f,)

Baker 1994 18.4 0.19 Brushes Clough dam spillway;
inclined downwards steps;
trapezoidal channel

Ruft and Frizell 1994 26.6 0.154 1.52 Inclined downwards steps

Chamani and Rajaratnam 1999 513 0.313: 0.125 0.3

59 0.313-0.125 0.3

Ohtsu et al. 2000 35 0.025 04

Matos 2000 53.1 0.08 1.0

Boes 2000 30 0.046; 0.092 0.5

50 0.031; 0.093 0.5

Chanson and Toombes 2001« 15.9 0.05; 0.10 1.0

21.8 0.10 1O

Estimates from results based on pseudo-water depth (f,))

Grinchuk et al. 1977 8.7 0.41 14.2 Dneiper power plant

BaCaRa 1991 53.1 0.06 1.5

53.1 0.024
59 0.024
63.4 0.024

Bayat 1991 51.3 0.02-0.03 0.3

Bindo et al. 1993 51.3 0.019; 0.038 0.9

Christodoulou 1993 55 0.025 0.5

Diez-Cascon et al. 1991 53.1 0.03: 0.06 0.8

Frizell 1992 26.6 0.051 0.457  Inclined downwards steps

Peyras et al. 1991 18.4; 26.6; 45  0.02 0.8 Gabion models

Shvajnshtein 1999 38.7 0.05 0.48

51.3 0.0625 0.48

Sorensen 1985 52 0.0024; 0.061 0.305

Estimates derived from eq. [13] ()

Yasuda and Ohtsu 1999 57 0.006-0.010 0.4

11.3 0.006-0.10 0.4
19 0.002-0.08 0.4
30 0.004-0.07 0.4
55 0.003-0.064 04

813

lack of uniformity in the experimental procedure and data
processing. Many studies gave incomplete experimental in-
formation with uncertainties of up to 200%.

A conditional analysis was applied. Only the tollowing
data were retained: prototype data, large-size model data
(h > 0.020 m, Reynolds number Re > 1 x 10%), and model
studies published after January 1997. This analysis gives a
greater statistical weight to prototype data and recent works.
Basic results of the conditional analysis indicate different
trends for flat and steep chutes (Figs. 4a and 4b).

For flat chutes (6 < 20°), prototype data obtained with
horizontal and downward-inclined steps exhibit higher flow
resistance than laboratory data:

= 12241245 m[@ie-)

[t4a)
Dy

!
Jr

for prototype flat chutes

[14b] BRI —2.430 — 0.2676]n(ﬁ cose]

i

H

for model flat chutes

with normalized correlation coefficients of 0.9525 (10 data
points) and 0.4872 (52 data points), respectively, where f is
the Darcy friction factor, f, is the Darcy friction factor calcu-
lated using eq. [13], and Dy is the hydraulic diameter. By
comparison, the Colebrook-White formula for flat rough
walls 1s

(5] - = -1.14—4.60511{ ks ]
Dy

Jf

Equation {15] is compared with data and eqs. [14a] and
[14b] in Fig. 4a.

For steep chutes (6 > 20°), the friction factor data present
no obvious correlation with the relative step roughness
height i cos /Dy and the Reynolds, Froude, and Weber
numbers (Fig. 4b). The data appear to be distributed around
three dominant values: f = 0.105, 0.17, and 0.30 (166 data
points), as shown in Fig. 4c.

Discussion

Cavity recirculation and ejection mechanisms
Skimming flows are characterized by unsteady momen-
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Fig. 4. Flow resistance in skimming flow: conditional analysis. (@) Flat stepped chute data (0 < 20°) (62 data points). Comparison with
egs. [14a] and [14b]. (b) Steep stepped chute data (6 > 20°) (166 data points). Comparison with eq. [17]. (¢) Probability distribution
function (Pdf) of steep chute friction factor (8 > 20°) (166 data points).
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tum exchanges between the main stream and cavity flows.
The recirculating fluid will, at irregular time intervals, be
swept away (i.e., flow outward) into the main flow and re-
placed by fresh fluid. The ejection mechanism appears se-
quential. Once one cavity outflow occurs, it induces a
sequence of outflows at the downstream cavities. The se-
quential process is illustrated in Fig. 5. The sequential ejec-
tion process extends down the entire slope. It was observed
visually for all investigated slopes by Yasuda and Ohtsu
(1999) and Chanson and Toombes (2001a), but the sequen-
tial mechanism seemed more frequent on the steep chute ge-
ometries. A similar pattern was documented with skimming
flows past strip roughness (rectangular cavity: Djenidi et al.
1994; Elavarasan et al. 1995; triangular cavity: Tantirige et
al. 1994), and the sequential fluid ejection process was ob-
served on the M’Bali Dam stepped spillway model by A.
Lejeune (personal communication).

Cavity recirculation is very energetic and contributes sig-
nificantly to the form drag. Turbulent motion in the step cav-
ity induces viscous dissipation while irregular fluid
exchanges with the free stream maintain the recirculation
process. Energy considerations provide a relationship be-
tween cavity ejection frequency, form drag, and energy dis-
sipation.

At uniform equilibrium, the rate of energy loss between
two adjacent step edges equals p,Q,/t where Q,, is the water
discharge, whereas the energy is dissipated in the
recirculation cavity at a rate proportional to the ejection fre-
quency F, the volume of ejected fluid, and the main flow
velocity V. The energy principle yields an analytical relation-
ship between the dimensionless fluid ejection frequency and
the rate of energy loss which may be expressed in terms of
the dimensionless shear stress
[16] F(h cos 6) _f

1% 5

where F,; is the average fluid ejection frequency. Equation
[16] was derived for a wide chute with horizontal steps as-
suming that the ratio of average fluid ejection volume to to-
tal cavity volume is about 0.5 (Chanson and Toombes
20015, pp. 56-58) and that the ratio of average ejection pe-
riod to burst duration is about 7 (Djenidi et al. 1994,
Tantirige et al. 1994). Note that, according to linear stability
theory for a convective-type instability, a higher order cavity
flow frequency is related to the flow momentum thickness
and velocity (Lin and Rockwell 2001).

The result (eq. [16]) has practical applications in terms of
fluid—structure interactions because cavity oscillations are
the origin of coherent, broadband sources of noise and flow-
induced vibrations. For example, if the natural frequency of
the spillway structure is F,;, major vibrations may occur,
leading to potential damage and failure. Equation [16] sug-
gests further that flow visualizations of cavity ejections and
cavity pressure fluctuation measurements may provide some
information on the flow resistance.

Interactions between the turbulent free-stream and un-
steady recirculating flow are driven by the shear layer im-
pingement process at the downstream end of the cavity
(Fig. 1). In turn, the upstream flow conditions might affect
self-excited cavity oscillations, inducing alterations of the
mean drag (e.g., Lin and Rockwell 2001). Chanson and

815

Toombes (20015, pp. 36-38) suggested that different values
of equivalent form drag friction factor might be related to
different types of upstream flow conditions, i.e., f = 0.105,
0.17, and 0.30 in Fig. 4c.

Flow resistance on flat slopes

For flat slopes (8 < 20°), the results highlight some dis-
crepancies between the model and prototype data which re-
main unexplained (Fig. 4a). It must be noted, however, that
the Brushes Clough spillway data (Baker 1994) were ob-
tained for flow conditions characterized by Froude numbers
close to unity (Fr = 0.6-1.2) and at the upper limit of the
transition to skimming flow regimes (i.e., d/h = 0.8-1.0,
where d, is the critical flow depth). The Dneiper power plant
data (Grinchuk et al. 1977) were obtained in decelerating
flow conditions with Froude numbers slightly greater than
unity (Fr = 1.2-4.0). In the laboratory, larger Froude num-
bers (Fr = 3.3-5.0) were observed. Although it is acknowl-
edged that the prototype data might not be truly
representative, these full-scale data exhibit some consistency
between two series of experiments performed independently
(i.e., Brushes Clough in the United Kingdom and Dneiper in
the Ukraine).

In practice, it is believed that eq. [14a] is more representa-
tive of prototype flow conditions. The difference between
eqs. [14a] and [14b] could suggest some form of scale ef-
fects. On a flat slope, the free surface is not parallel to the
pseudo-bottom but exhibits an ‘“undular” pattern in phase
with the step geometry. The flow resistance is a combination
of form drag and skin friction on the downstream end of
each step. The interactions of the developing shear layer
onto the downstream step cavity are significant, and the pro-
cess may not be scaled properly with a Froude similitude.
Further prototype flows were characterized by a larger
Reynolds number and a larger relative channel width B/d
than those of the model experiments. It is possible that the
three-dimensional recirculation vortices were more intense,
leading to larger flow-resistance data.

Flow resistance on steep slopes

For steep slopes (0 > 20°), there is no skin friction be-
tween the main flow and the step faces, and the form drag
associated with the recirculation predominates. The cavity
flow is three dimensional, as observed during the present
study, by Matos et al. (1999), and by A. Lejeune (personal
communication) on the M’Bali Dam model. The flow resis-
tance is a function of the recirculation process, and energy
dissipation is dominated by the transfer of momentum be-
tween the cavity flow and the main stream. A simplified the-
oretical model (Appendix A) suggests that the pseudo-
boundary shear stress form drag f; may be expressed, in
dimensionless form, as

21

71 f :ﬁE

where 1/K is the dimensionless rate of expansion of the
shear layer (Fig. 1). In air-water mixing layers, Brattberg
and Chanson (1998) observed K = 6 for V = 2-8 m/s. Equa-
tion [17] predicts that f; is about 0.2 for a steep chute skim-
ming flow which is close to the observed friction factor in
skimming flow. Equation [17] is shown in Fig. 4b.
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Fig. 5. Sketch of sequential fluid ejections in skimming flows.
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stable recirculation

For steep slopes, the reasonable agreement between all the
model data and the analytical development (eq. [17]) sug-
gests that the analysis criteria (i.e., & > 0.020 m and Re >
1 x 10°) are satisfactory requirements for physical modelling
of flow resistance in skimming flow based on a Froude si-
militude using a geometric similarity and the same fluids
(air and water) in the model and the prototype. A further

t=t3>t7>1,

- .
™ s e O

fluid ejection - ©
(burst)

condition exists to achieve true similarity of air entrainment,
i.e., a model scale between 1/1 and 1/10 (Kobus 1984,
Chanson 1997).

In Fig. 4b, the flow-resistance data based on detailed air—
water flow measurements appear centred around f, = 0.15.
The data, however, account for any drag reduction induced
by free-surface aeration (Chanson 1993). For design pur-
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poses, eq. [17] may provide a satistactory estimate of the
flow resistance, te., f, = f3 = 0.2.

Final remarks

It is believed that channel width does affect the develop-
ment and number of recirculating cells at each step. For
steep chutes (8 > 20°), data from Chamani and Rajaratnam
(1999) and Yasuda and Ohtsu (1999) suggest slightly higher
friction factors for low aspect ratios (i.e., W/h < 10) with
identical flow conditions and geometry. Note that both stud-
ies used a constant channel breadth (W = (.3 and 0.4 m, re-
spectively), and the effect of channel width was not
specifically investigated.

Lastly, flat slope prototype data exhibit greater friction
factors than all model data, whereas laboratory data show
flow-resistance estimates nearly independent of the slope.

Conclusions

In skimming flows down stepped chutes, the external
edges of the steps form a pseudo-bottom over which the
flow passes. Beneath this, recirculating vortices develop and
are maintained through the transmission of shear stress from
the waters flowing past the step edges. Skimming flows are
characterized by a large flow resistance caused by form
losses. The flow resistance is consistently larger than that on
smooth-invert channels. Unsteady interactions between the
recirculating cavities and the main stream are important.
Flow visualizations suggest irregular fluid ejections from the
cavity into the main stream, the process being sequential
from upstream to downstream. On flat chutes (8 < 20°), the
flow resistance is a combination of skin friction on the hori-
zontal faces of the steps and form drag associated with the
recirculating cavity. The flow-resistance data may differ
from steep chute data and may be correlated with the rela-
tive step roughness. Prototype results can be estimated using
eq. [14a], but further work is required to understand the dif-
ference between model and prototype data.

On steep chutes (8 > 20°), the flow resistance must be
analysed as a form drag. It can be estimated from the maxi-
mum shear stress in the shear layers: eq. [17] presents a sim-
ple model of form loss that agrees well with steep chute
data. Although they exhibit some scatter, the data are distrib-
uted around three dominant values (f = 0.105, 0.17, and
0.30). Air—water flow data show a smaller estimate f, = 0.15,
but the results may take into account some drag reduction
induced by free-surface aeration. Physical modelling of flow
resistance can be conducted based on a Froude similitude
provided that the laboratory conditions satisty # > 0.020 m
and Re > 1 x 10°. To achieve true similarity of air entrain-
ment, the model scale must be between 1/l and 1/10.

The study emphasizes the complexity of skimming flow
on stepped chutes, and the effects of free-surface aeration
cannot be neglected. The flow resistance and energy dissipa-
tion processes are dominated by form losses and cavity
recirculation.
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List of symbols

A, cross-sectional area (m?) of the water flow
C air concentration, defined as the volume of air per unit
volume (also called void fraction)
Cpean depth-averaged air concentration, defined as (I -
Yo0)Crnean = ¢
Cp pressure correction coefficient
Dy hydraulic diameter (m)
D’ dimensionless air bubble diffusivity
d flow depth measured normal to the channel slope at the

edge of a step; characteristic depth (m) defined as
y‘)()

d= f(l -C)dy
0

d. critical flow depth
d, flow depth (m) upstream of a hydraulic jump
d, flow depth (m) downstream of a hydraulic jump
f Darcy friction factor
fy (equivalent) Darcy friction factor estimate of the form
drag
f. Darcy friction factor for air—water flow
/p Darcy friction factor calculated using eq. {13]
f,, Darcy friction factor for clear-water (non-aerated) flow
Fj average fluid ejection frequency (Hz)
Fr Froude number, defined as Fr = V/Jgji
g gravity constant (m/s%) or acceleration of gravity
h height of steps (m) (measured verticaily)
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H total head (m)
Les Tesidual head (m) at the downstream end of the chute
k, step dimension (m) measured normal to the flow direc-
tion (k; = h cos o)
k{ surface (skin) roughness height (m)
K inverse of the spreading rate of a turbulent shear layer
K’ integration constant (defined by Chanson 1997)
! horizontal length of steps (m) (measured perpendicular
to the vertical direction)
P pressure (Pa)
Ppotiom invert pressure (Pa)
P, wetted perimeter (m)
g discharge per unit width (m?/s)
g,, water discharge per unit width (m?/s)
Q, water discharge (m%/s)
Re Reynolds number, defined as Re = VDy/v,,
S; friction slope, defined as S; = —dH/0x
¢t time (s)
1, ty, t3 times (s)
v local velocity (m/s)
V clear-water flow velocity (m/s), defined as V = g, /d =
Y50

g/ [A-C)dv
0

Vo free-stream velocity (m/s)
v, flow velocity (m/s) upstream of a hydraulic jump
V, flow velocity (m/s) downstream of a hydraulic jump
W channel width (m)
x longitudinal distance (m) measured in the flow direction
y distance (m) from the pseudo-bottom (formed by the
step edges) measured perpendicular to the flow direction
yso distance (m) normal to the invert where V = V/2
Yoo characteristic depth (m) where the air concentration is
90%
| dynamic viscosity (N-s/m?)
v kinematic viscosity (m?/s)
v, turbulent kinematic viscosity (m?/s)
p density (kg/m3)
o surface tension between air and water (N/m)
T shear stress (Pa)
Tnax Maximum shear stress (Pa) in a shear layer
T, average bottom shear stress (Pa)
© channel slope

Subscripts
¢ critical flow conditions
w water flow

Appendix A. Modelling form drag and flow
resistance in skimming flows

Skimming flows are characterized by unsteady momen-
tum exchanges between the main stream and cavity flows.
For a steep slope (8 > 20°), the form drag associated with the
recirculation is preponderant. The cavity flow is three-
dimensional as visually observed by A. Lejeune (personal
communication) on the M’Bali Dam model and during the
present study. The flow resistance is a function of the
recirculation process, and energy dissipation is dominated by
the transfer of momentum between the cavity flow and the
main stream.
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Estimating the boundary shear stress along a
recirculating cavity

At each step, the cavity flow is driven by the developing
shear layer and the transfer of momentum across it (Fig. 1).
The mixing layer is basically a free shear layer. The equiva-
lent boundary shear stress of the cavity flow equals the max-
imum shear stress in the shear layer that may be modelled
by a mixing length model

l — l{] +eﬁ[K(y_y50)]}
V, 2 X

assuming a constant eddy viscosity v, across the shear layer

b
4K*?

[Al]

[A2] v, =——xV,

where 1/K is the dimensionless rate of expansion of the
shear layer, ysq is the location of the streamline v = V /2, and
V, is the free-stream velocity (Goertler 1942). The boundary
shear stress between the outer flow and the cavity flow
equals the maximum shear stress in the mixing layer

ov
[A3] To = Tmax = pvt(g]v: y

where v, is the momentum exchange coefficient (eq. [A2]).
For the approximation of Goertler (1942), the dimensionless
pseudo-boundary shear stress equals

8Trax _ 2
pV2  Jnk

where the term on the left-hand side is basically a pseudo
Darcy friction factor (Chanson et al. 2000).

In air-water mixing layers of plane plunging jets,
Brattberg and Chanson (1998) observed K = 6 for velocities
ranging from 2 to 8 m/s. (For monophase flows, K = 12.).
Equation [A4] predicts a form drag fy = 0.2 for skimming
flow, a result close to friction factor data in steep stepped
flows. In monophase flows, Wygnanski and Fiedler (1970)
observed that the maximum shear stress is independent of
the distance from the singularity, and their data yield f =
0.18. For cavity flows, Haugen and Dhanak (1966) and
Kistler and Tan (1967) observed similar results.

(A4]  fq =

Discussion

It must be emphasized that the development in the previ-
ous section (i.e., eq. [A4]) does not take into account the in-
teractions between the developing mixing layer and the
downstream step and the associated losses. Pearson et al.
(1997) demonstrated that turbulent flows past a recirculating
square cavity are associated with a sharp rise of boundary
shear stress downstream of the cavity for up to six cavity
lengths. Their data showed the magnitude of the shear stress
peak being about three times the equivalent skin friction
stress. Pearson et al. attributed the sharp rise to a local in-
tense favourable pressure gradient that is associated with the
downstream stagnation edge of the cavity. This is in fact a
kind of form drag.
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